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We propose efficient algorithms with logarithmic step complexities for the generation of entangled
GHZN and WN states useful for quantum networks, and we demonstrate an implementation on the
IBM quantum computer up to N = 16. Improved quality is then investigated using full quantum
tomography for low-N GHZ and W states. This is completed by parity oscillations and histogram
distance for large N GHZ and W states respectively. We are capable to robustly build states
with about twice the number of quantum bits which were previously achieved. Finally we attempt
quantum error correction on GHZ using recent schemes proposed in the literature, but with the
present amount of decoherence they prove detrimental.
INTRODUCTION
Quantum entanglement involves non-local correlations
between subsystems which were central in the historic
debate which revealed stunning and fundamental non-
locality of physics. Nowadays quantum entanglement be-
tween quantum bits is no less essential as a fundamental
resource in quantum information, from quantum network
protocols to quantum computing. The IBMQ experimen-
tal quantum computer, freely accessible by Internet [1],
is a fundamental tool enabling democratic student train-
ing in quantum computing. On the IBMQ platform two
recent experiments [2, 3] have proved on one hand that 8
qubit GHZ states could be realized and on the other hand
that 16 qubits could be fully entangled. In the present
paper we move forward by proposing new algorithms and
by extending the experimental realization and character-
ization up to N = 16.
Among multipartite quantum states of N quantum
bits, at least two classes play a particular role:
|GHZN 〉 = 1√
2
(
|0〉⊗N + |1〉⊗N
)
|WN 〉 = 1√
N
(
|100 . . . 0〉+ |010 . . . 0〉+
· · ·+ |000 . . . 1〉
)
GHZ3 states were originally proposed to falsify local
realistic theories in one shot [4], and their generaliza-
tion for arbitrary N are superposition states that can
be viewed as the “biggest Schro¨dinger cat” states for
N qubits, since the kets |0〉⊗N and |1〉⊗N are most far
apart kets in Hilbert space. WN states are fundamen-
tally different multipartite quantum states, as revealed
by [5] who showed that for N ≥ 3 these two states de-
fine two classes whose states cannot be converted into
one another by LOCC (Local Operations and Classical
Communications), and exhaust the possible purely tri-
partite classes for N = 3. For larger N the number
of different classes increase rapidly so entanglement is
now considered as a very rich and challenging concept,
spurring a huge research effort [6, 7]. In the present pa-
per, we concentrate on GHZN and WN which are two
typical representatives of the general multipartite entan-
gled jungle. They also constitute very interesting and
powerful targets as fundamental resources in distributed
quantum information processing [8, 9] (see also the book
reviews [10, 11]). The properties and potential of GHZN
and WN are completely different: the former are frag-
ile against loss and important for example in quantum
secret sharing, whilst the latter are robust against loss
and central to quantum memories, multiparty quantum
network protocols and universal quantum cloning ma-
chines. Many schemes have been designed to produce
these states for large N (see for example [12]), but it is
also important to consider other aspects like probabilis-
tic or deterministic creation, possibility to extend them
locally in quantum networks [9], or to transform them
nonlocally [13].
In the first section we present the algorithms we de-
veloped to generate GHZN and WN , with emphasis on
so-called logarithmic algorithms, which typically take
∼ log2N steps. For quantum networks these determin-
istic algorithms open the possibility to create a shared
GHZN or WN by local extension without prior entan-
glement, even when the number of parties is arbitrary.
In the second section we shortly detail the implemen-
tation strategy on IBMQ, before characterizing in the
next section the successfully created states with quan-
tum tomography, parity oscillations decay, fidelity and
histogram distance. The efficiency of the logarithmic al-
gorithms is demonstrated up to N = 15 or N = 16,
a technical limit posed by the IBMQ processors at our
disposal. We evidence clearly the effect of decoherence.
Finally in the last section an attempt at error correction
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2is made using a recently proposed scheme. The results
show that for the moment, and for our purposes, quan-
tum error correction is still impractical.
LINEAR AND LOGARITHMIC ALGORITHMS
FOR GHZ AND W STATES
We discuss the circuits for the generation of GHZN
and WN states. We first present circuits of linear time-
complexity and proceed to the construction of logarith-
mic time-complexity ones. While this is pretty straight-
forward for GHZN it is less so in the case of WN . In
this section we only describe the basic theoretical cir-
cuits. The concrete implementation on IBM quantum
computers involves some extra cost due to connection
constraints between qubits, an issue that is discussed in
the next section.
Construction of GHZN
A straightforward way to generate GHZN states in
linear time complexity N is shown on the left Fig. 1.
This is the underlying circuit used on IBMQ in [2] for
example, and would correspond in a quantum network
to local linear extension with an ancilla qubit. It is not
difficult to see that there is huge freedom in modifying the
control bits of the CNOT gates while at the same time
preserving the |GHZ5〉 output state. The right hand
side of Fig. 1 shows one such example[24]. The dotted
lines indicate ’time slice’ within which the CNOT gates
can be performed in parallel (indeed one can move the
CNOT gates along the lines as long as control bits are
not exchanged with target bits and as long as target bits
are not exchanged). The advantage of the right hand side
is therefore that the number of ’time step’ is 1 + 3 = 4
instead of 1 + 4 = 5 on the left hand side.
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Figure 1: Left: standard linear complexity circuit for
|GHZ5〉. Right: reshuffling control bits appropriately
allows the last two CNOT gates to parallelize.
This elementary remark is at the basis of an algorithm
constructing circuits with logarithmic time complexity,
and can also be practiced in a quantum network if the
nodes act in parallel. For powers of two, N = 2m, the
following algorithm generates circuits of time complexity
1 + log2N . Note that all entry bits are initialized to |0〉.
1: procedure Create-GHZ-state(2m)
2: if m = 0 then
3: circuit ← connect a H gate to the only qubit
4: else
5: circuit ← CREATE-GHZ-STATE(2m−1)
6: for every qubit Qi in the circuit do
7: Expand the circuit by connecting a new
qubit to a CNOT gate with the controlled qubit Qi
8: end for
9: end if
10: end procedure
This algorithm in action is shown for N = 1, 2, 4, 8 on
Fig. 2.
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Figure 2: Logarithmic time complexity circuits for
GHZN states with N = 1, 2, 4, 8. Dotted lines separate
time slices inside which CNOT’s operate in parallel.
Finally, to obtain circuits for general N not a power
of two one may consider the circuit for 2m immediately
above N and simply erase the last 2m−N lines. For GHZ
states there is a lot of freedom in order to parallelize the
CNOT gates in a circuit, and the procedure shown here
is not unique. In general the circuit contains N gates and
has ∼ log2N time complexity.
Construction of WN
In this paragraph we describe algorithms to construct
circuits generating WN states in ∼ N and O ∼ log2N
time steps. To our knowledge the ideas presented here
have not appeared in the literature for a general number
of qubits. Low-complexity hierarchical schemes reminis-
cent of ours for N = 2m have been discussed in [9] (and
references therein) however not the case of generalN . See
also the special case N = 3 on [14] which seems however
impractical as it uses a Toffoli gate.
Both constructions use the building block B(p) with
parameter 0 < p < 1 in Fig. 3 where the rotation matrix
3is
G(p) =
( √
p −√1− p√
1− p √p
)
Note that for p = 1/2 this is the transposed Hadamard
gate. In practice we will only use the following relations
B(p) |00〉 = |00〉 , B(p) |10〉 = √p |10〉+
√
1− p |01〉
Two concrete implementations of the controlled-G(p)
gate in terms of a usual rotation around the y-axis (avail-
able with the U3 IBM gate) and the CNOT are discussed
at the end of this section.
G(p)
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Figure 3: Fundamental building block: B(p) is a
controlled-G(p) rotation followed by an inverted CNOT.
Linear time complexity circuit
This circuit is best described through a simple example
for N = 4 given on Fig. 4. It is perhaps instructive to
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|0i
<latexit sha1_base64 ="e+C44v048o8xsiXZAUFDvGhiWjg=">AAAFrHic lVRdb9MwFM1ghVG+NnjkxaKrNAZESbUBqoRUwQsv SEPal1RXk+M6i1UnsWxnSxTlNyBe4Zfxb7hOsnVt 0RCWWl3fc8+91+c6DqTg2nje77U7d9c79+5vPOg+ fPT4ydPNrWfHOs0UZUc0Fak6DYhmgifsyHAj2Kl UjMSBYCfB7LPFTy6Y0jxNDk0h2SQm5wkPOSUGXCd 4xkzpVWebPc/16oVWDb81ek67Ds621r/jaUqzmCW GCqL12PekmZREGU4Fq7o400wSOiPnbAxmQmKmJ2X db4X64JmiMFXwSwyqvTcZJYm1LuIAImNiIr2MWef fsHFmwg+TkicyMyyhTaEwE8ikyB4eTbli1IgCDE IVh14RjYgi1IBEC1WCeOEMpYwKzamuul0ckxkjIL QBUhdLlV7wKaNpHJNkulviIM2JNlXZ7yKEbYsBT8 o+IhpZSIpMIwisN4aDKhDWBkpSJ8UjgLgpdyubAv 6gk4Rdzis0eDUeTOoifdTzh8gmQNoUgqEdPOVaCl LU2zcIG5ab1nZd91XDGQyR1Tit1QkYgqQwFBMRg7 hGFAbLFDiISrPE+llTguTctow1xHvlNo5HJur5+ FOab1dNN19JkhEBU1VWbLhl80kHNhdPzutiemjz8 DAH+s2GEY6M9xFcMculspvXrrfPcqyYIDnCIZ/zr k/2PyQNo5e30PZupf2D/G6lqFVqUG5DhotG1bICq Sx5YJWWqeZWpQSl4aLEShBZTxjsCJLYQeHLqdf6r DfkQlxtFOGaQdg1DL62N3d/oUs8lV7T41vbRWO2 pOp6pr1BM9GlSle3EpwwdHs5mw8ihSuiujevaol1 mFdlfbd1WOZVtYwWc7RYRekcpatoNEcjQOEJ85cf rFXjeOD6nut/2+uNhu1jtuG8cF46O47vvHdGzhfn wDlyqDNzfjg/nV8dt3PYGXcmTeidtZbz3FlYnfAP wFjX7Q==</latexit><latexit sha1_base64 ="e+C44v048o8xsiXZAUFDvGhiWjg=">AAAFrHic lVRdb9MwFM1ghVG+NnjkxaKrNAZESbUBqoRUwQsv SEPal1RXk+M6i1UnsWxnSxTlNyBe4Zfxb7hOsnVt 0RCWWl3fc8+91+c6DqTg2nje77U7d9c79+5vPOg+ fPT4ydPNrWfHOs0UZUc0Fak6DYhmgifsyHAj2Kl UjMSBYCfB7LPFTy6Y0jxNDk0h2SQm5wkPOSUGXCd 4xkzpVWebPc/16oVWDb81ek67Ds621r/jaUqzmCW GCqL12PekmZREGU4Fq7o400wSOiPnbAxmQmKmJ2X db4X64JmiMFXwSwyqvTcZJYm1LuIAImNiIr2MWef fsHFmwg+TkicyMyyhTaEwE8ikyB4eTbli1IgCDE IVh14RjYgi1IBEC1WCeOEMpYwKzamuul0ckxkjIL QBUhdLlV7wKaNpHJNkulviIM2JNlXZ7yKEbYsBT8 o+IhpZSIpMIwisN4aDKhDWBkpSJ8UjgLgpdyubAv 6gk4Rdzis0eDUeTOoifdTzh8gmQNoUgqEdPOVaCl LU2zcIG5ab1nZd91XDGQyR1Tit1QkYgqQwFBMRg7 hGFAbLFDiISrPE+llTguTctow1xHvlNo5HJur5+ FOab1dNN19JkhEBU1VWbLhl80kHNhdPzutiemjz8 DAH+s2GEY6M9xFcMculspvXrrfPcqyYIDnCIZ/zr k/2PyQNo5e30PZupf2D/G6lqFVqUG5DhotG1bICq Sx5YJWWqeZWpQSl4aLEShBZTxjsCJLYQeHLqdf6r DfkQlxtFOGaQdg1DL62N3d/oUs8lV7T41vbRWO2 pOp6pr1BM9GlSle3EpwwdHs5mw8ihSuiujevaol1 mFdlfbd1WOZVtYwWc7RYRekcpatoNEcjQOEJ85cf rFXjeOD6nut/2+uNhu1jtuG8cF46O47vvHdGzhfn wDlyqDNzfjg/nV8dt3PYGXcmTeidtZbz3FlYnfAP wFjX7Q==</latexit><latexit sha1_base64 ="e+C44v048o8xsiXZAUFDvGhiWjg=">AAAFrHic lVRdb9MwFM1ghVG+NnjkxaKrNAZESbUBqoRUwQsv SEPal1RXk+M6i1UnsWxnSxTlNyBe4Zfxb7hOsnVt 0RCWWl3fc8+91+c6DqTg2nje77U7d9c79+5vPOg+ fPT4ydPNrWfHOs0UZUc0Fak6DYhmgifsyHAj2Kl UjMSBYCfB7LPFTy6Y0jxNDk0h2SQm5wkPOSUGXCd 4xkzpVWebPc/16oVWDb81ek67Ds621r/jaUqzmCW GCqL12PekmZREGU4Fq7o400wSOiPnbAxmQmKmJ2X db4X64JmiMFXwSwyqvTcZJYm1LuIAImNiIr2MWef fsHFmwg+TkicyMyyhTaEwE8ikyB4eTbli1IgCDE IVh14RjYgi1IBEC1WCeOEMpYwKzamuul0ckxkjIL QBUhdLlV7wKaNpHJNkulviIM2JNlXZ7yKEbYsBT8 o+IhpZSIpMIwisN4aDKhDWBkpSJ8UjgLgpdyubAv 6gk4Rdzis0eDUeTOoifdTzh8gmQNoUgqEdPOVaCl LU2zcIG5ab1nZd91XDGQyR1Tit1QkYgqQwFBMRg7 hGFAbLFDiISrPE+llTguTctow1xHvlNo5HJur5+ FOab1dNN19JkhEBU1VWbLhl80kHNhdPzutiemjz8 DAH+s2GEY6M9xFcMculspvXrrfPcqyYIDnCIZ/zr k/2PyQNo5e30PZupf2D/G6lqFVqUG5DhotG1bICq Sx5YJWWqeZWpQSl4aLEShBZTxjsCJLYQeHLqdf6r DfkQlxtFOGaQdg1DL62N3d/oUs8lV7T41vbRWO2 pOp6pr1BM9GlSle3EpwwdHs5mw8ihSuiujevaol1 mFdlfbd1WOZVtYwWc7RYRekcpatoNEcjQOEJ85cf rFXjeOD6nut/2+uNhu1jtuG8cF46O47vvHdGzhfn wDlyqDNzfjg/nV8dt3PYGXcmTeidtZbz3FlYnfAP wFjX7Q==</latexit><latexit sha1_base64 ="e+C44v048o8xsiXZAUFDvGhiWjg=">AAAFrHic lVRdb9MwFM1ghVG+NnjkxaKrNAZESbUBqoRUwQsv SEPal1RXk+M6i1UnsWxnSxTlNyBe4Zfxb7hOsnVt 0RCWWl3fc8+91+c6DqTg2nje77U7d9c79+5vPOg+ fPT4ydPNrWfHOs0UZUc0Fak6DYhmgifsyHAj2Kl UjMSBYCfB7LPFTy6Y0jxNDk0h2SQm5wkPOSUGXCd 4xkzpVWebPc/16oVWDb81ek67Ds621r/jaUqzmCW GCqL12PekmZREGU4Fq7o400wSOiPnbAxmQmKmJ2X db4X64JmiMFXwSwyqvTcZJYm1LuIAImNiIr2MWef fsHFmwg+TkicyMyyhTaEwE8ikyB4eTbli1IgCDE IVh14RjYgi1IBEC1WCeOEMpYwKzamuul0ckxkjIL QBUhdLlV7wKaNpHJNkulviIM2JNlXZ7yKEbYsBT8 o+IhpZSIpMIwisN4aDKhDWBkpSJ8UjgLgpdyubAv 6gk4Rdzis0eDUeTOoifdTzh8gmQNoUgqEdPOVaCl LU2zcIG5ab1nZd91XDGQyR1Tit1QkYgqQwFBMRg7 hGFAbLFDiISrPE+llTguTctow1xHvlNo5HJur5+ FOab1dNN19JkhEBU1VWbLhl80kHNhdPzutiemjz8 DAH+s2GEY6M9xFcMculspvXrrfPcqyYIDnCIZ/zr k/2PyQNo5e30PZupf2D/G6lqFVqUG5DhotG1bICq Sx5YJWWqeZWpQSl4aLEShBZTxjsCJLYQeHLqdf6r DfkQlxtFOGaQdg1DL62N3d/oUs8lV7T41vbRWO2 pOp6pr1BM9GlSle3EpwwdHs5mw8ihSuiujevaol1 mFdlfbd1WOZVtYwWc7RYRekcpatoNEcjQOEJ85cf rFXjeOD6nut/2+uNhu1jtuG8cF46O47vvHdGzhfn wDlyqDNzfjg/nV8dt3PYGXcmTeidtZbz3FlYnfAP wFjX7Q==</latexit>
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◆
<latexit sha1_base64="aPA9mn8CssEiLb6JLE 2F1DvQzws=">AAAFxHiclVRta9RAEE61p/V8a/WjCIvXg7bqkZytSkE4FNQvQgX7ArdH2Ww2l6WbF3Y3 bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l66dn25dePmyq327Tt3791fXXtwoNJc UrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiW hxivNixJhyceRRpvHqx2351YPWjS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZ DMBMSMzUy1XuUqAueAIWphF+iUeW9zDAkVmoS+xAZEx2pecw6/4YNcx2+HhmeZLlmCa0LhblAOkVWFB RwyagWEzAIlRx6RTQioIcG6Waq+PHMO5gsmihOVdlu45icMAID0EBq40ympzxgNI1jkgRbBvtpQZQuTb eNELYt+jwxXUQUslAmcoUgsDpoDqpAWBOYkSopHgDEtdkqbQr4g04SdjatUOPlsD+qinRRx9tFNgFSei IY2sABV5kgk+r4DGHNCt3YvV5vs+b0d5HVOK3U8RmCpDAUHRGNuEIUBsskOIhM88T6WV2CFNy2jBXEu 2YdxwMddTz8Ni3Wy7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+uWGEI+2+AVfMikzaw9Oeu8MKL JkgBewvn/Iu3ux/SApGn11B276S9g/yy4WiVqm+WYcMp7WqpgSpLLlvlc5Sxa1KCUrDWYmlIFk1YbAj SGIHhc8Ct/FZb8iFOD9IwhWDsAsYfE1vvZ2ZLnGQuXWPz20XtdmQyouZdvr1ROcqnW8lOGHodjnrDyKF FZHty6tqsAqL0lS7rUJTlOU8Opmik0WUTlG6iEZTNAIUrjBv/sJaNA76Pc/teZ+3O4Pt5jJbcR45T5wN x3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8Yd+AR</latexit><latexit sha1_base64="aPA9mn8CssEiLb6JLE 2F1DvQzws=">AAAFxHiclVRta9RAEE61p/V8a/WjCIvXg7bqkZytSkE4FNQvQgX7ArdH2Ww2l6WbF3Y3 bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l66dn25dePmyq327Tt3791fXXtwoNJc UrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiW hxivNixJhyceRRpvHqx2351YPWjS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZ DMBMSMzUy1XuUqAueAIWphF+iUeW9zDAkVmoS+xAZEx2pecw6/4YNcx2+HhmeZLlmCa0LhblAOkVWFB RwyagWEzAIlRx6RTQioIcG6Waq+PHMO5gsmihOVdlu45icMAID0EBq40ympzxgNI1jkgRbBvtpQZQuTb eNELYt+jwxXUQUslAmcoUgsDpoDqpAWBOYkSopHgDEtdkqbQr4g04SdjatUOPlsD+qinRRx9tFNgFSei IY2sABV5kgk+r4DGHNCt3YvV5vs+b0d5HVOK3U8RmCpDAUHRGNuEIUBsskOIhM88T6WV2CFNy2jBXEu 2YdxwMddTz8Ni3Wy7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+uWGEI+2+AVfMikzaw9Oeu8MKL JkgBewvn/Iu3ux/SApGn11B276S9g/yy4WiVqm+WYcMp7WqpgSpLLlvlc5Sxa1KCUrDWYmlIFk1YbAj SGIHhc8Ct/FZb8iFOD9IwhWDsAsYfE1vvZ2ZLnGQuXWPz20XtdmQyouZdvr1ROcqnW8lOGHodjnrDyKF FZHty6tqsAqL0lS7rUJTlOU8Opmik0WUTlG6iEZTNAIUrjBv/sJaNA76Pc/teZ+3O4Pt5jJbcR45T5wN x3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8Yd+AR</latexit><latexit sha1_base64="aPA9mn8CssEiLb6JLE 2F1DvQzws=">AAAFxHiclVRta9RAEE61p/V8a/WjCIvXg7bqkZytSkE4FNQvQgX7ArdH2Ww2l6WbF3Y3 bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l66dn25dePmyq327Tt3791fXXtwoNJc UrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiW hxivNixJhyceRRpvHqx2351YPWjS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZ DMBMSMzUy1XuUqAueAIWphF+iUeW9zDAkVmoS+xAZEx2pecw6/4YNcx2+HhmeZLlmCa0LhblAOkVWFB RwyagWEzAIlRx6RTQioIcG6Waq+PHMO5gsmihOVdlu45icMAID0EBq40ympzxgNI1jkgRbBvtpQZQuTb eNELYt+jwxXUQUslAmcoUgsDpoDqpAWBOYkSopHgDEtdkqbQr4g04SdjatUOPlsD+qinRRx9tFNgFSei IY2sABV5kgk+r4DGHNCt3YvV5vs+b0d5HVOK3U8RmCpDAUHRGNuEIUBsskOIhM88T6WV2CFNy2jBXEu 2YdxwMddTz8Ni3Wy7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+uWGEI+2+AVfMikzaw9Oeu8MKL JkgBewvn/Iu3ux/SApGn11B276S9g/yy4WiVqm+WYcMp7WqpgSpLLlvlc5Sxa1KCUrDWYmlIFk1YbAj SGIHhc8Ct/FZb8iFOD9IwhWDsAsYfE1vvZ2ZLnGQuXWPz20XtdmQyouZdvr1ROcqnW8lOGHodjnrDyKF FZHty6tqsAqL0lS7rUJTlOU8Opmik0WUTlG6iEZTNAIUrjBv/sJaNA76Pc/teZ+3O4Pt5jJbcR45T5wN x3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8Yd+AR</latexit><latexit sha1_base64="aPA9mn8CssEiLb6JLE 2F1DvQzws=">AAAFxHiclVRta9RAEE61p/V8a/WjCIvXg7bqkZytSkE4FNQvQgX7ArdH2Ww2l6WbF3Y3 bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l66dn25dePmyq327Tt3791fXXtwoNJc UrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiW hxivNixJhyceRRpvHqx2351YPWjS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZ DMBMSMzUy1XuUqAueAIWphF+iUeW9zDAkVmoS+xAZEx2pecw6/4YNcx2+HhmeZLlmCa0LhblAOkVWFB RwyagWEzAIlRx6RTQioIcG6Waq+PHMO5gsmihOVdlu45icMAID0EBq40ympzxgNI1jkgRbBvtpQZQuTb eNELYt+jwxXUQUslAmcoUgsDpoDqpAWBOYkSopHgDEtdkqbQr4g04SdjatUOPlsD+qinRRx9tFNgFSei IY2sABV5kgk+r4DGHNCt3YvV5vs+b0d5HVOK3U8RmCpDAUHRGNuEIUBsskOIhM88T6WV2CFNy2jBXEu 2YdxwMddTz8Ni3Wy7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+uWGEI+2+AVfMikzaw9Oeu8MKL JkgBewvn/Iu3ux/SApGn11B276S9g/yy4WiVqm+WYcMp7WqpgSpLLlvlc5Sxa1KCUrDWYmlIFk1YbAj SGIHhc8Ct/FZb8iFOD9IwhWDsAsYfE1vvZ2ZLnGQuXWPz20XtdmQyouZdvr1ROcqnW8lOGHodjnrDyKF FZHty6tqsAqL0lS7rUJTlOU8Opmik0WUTlG6iEZTNAIUrjBv/sJaNA76Pc/teZ+3O4Pt5jJbcR45T5wN x3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8Yd+AR</latexit>
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Figure 4: A linear complexity circuit for |W4〉.
briefly go through the calculation of the output. The
initial state is |1000〉. After the first B(1/4) block it
becomes
√
1/4 |1000〉 + √3/4 |0100〉. After the B(1/3)
block we find the intermediate state√
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√
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and after the last block B(1/2) we get the final state√
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|0001〉 = |W4〉
We remark that the CNOT operations could have been
performed at the very end of the circuit. However for
implementations on IBMQ this has the disadvantage that
the intermediate states contain many qubits in the |1〉
state which has a tendency to relax to the ground state
|0〉 thereby introducing unwanted errors. The present
form of the circuit minimizes the number of |1〉 states at
any given time (between G and CNOT gates we get two
1’s and this is the maximal number of 1’s at any given
time).
It is quite clear that the general circuit for con-
structing |WN 〉 will involve the sequence of blocks
B(1/N), B(1/(N − 1)), · · · , B(1/3), B(1/2). The total
number of such gates and time steps are N−1. Counting
the number of gates involved in the realization of B(p),
depending on the two ways the controlled-G(p) gate is
realized, multiplies this complexity by a factor 5 or 4. In
any case the overall number of gates is ∼ N and the time
complexity is also ∼ N .
Logarithmic time complexity circuit
We start with the particularly transparent special case
when the number of qubits is a power of two, namely
N = 2m. The circuit construction is illustrated for N = 8
on Fig. 5 and the generalization to arbitrary powers of
two is manifest.
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Figure 5: Logarithmic complexity circuit for |W8〉.
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Figure 6: Dichotomy tree for the construction of |W8〉.
The circuit is particularly simple as it involves only
the controlled-G(1/2) gate (basically equivalent to a con-
trolled Hadamard) and CNOT. For the entry of the cir-
cuit, the top qubit is set to |1〉 while all other qubits are
initialized to |0〉. The dashed lines indicate separations
between “time-slices”, where within a time-slice B(1/2)
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Figure 7: Dichotomy tree for the construction of |W6〉.
Leaf nodes (0, 1) and (1, 1) are pruned and (1, 2) takes
the place of (1, 1).
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G
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2
◆
<latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit>
G
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1
2
◆
<latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXf k8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RAEE5rT+v51upHERb vDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8b ZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW3 94oNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96k rFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WD Fg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnpkiNScCla2ca5YRugpGbN jMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp 8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdz BZNFGcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9 HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL 48GoKtJDHW8X2QRI6YlgaAMHXGWCTKrjc4Q1K3Rj9/v9zZoz2EVW47R Sx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp 0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfMik zaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs 1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk 4YpB2CUMvqa3/s5MlzjI3LrHF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1 B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2E tGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk/nJ/Or9 b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit>
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◆
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Figure 8: Logarithmic complexity circuit for |W6〉.
operations can be performed in parallel. As a result the
time complexity is here 3k where k = 5 or k = 4 de-
pending on the implementation of the controlled-G(1/2).
In general the time complexity is k log2N and the total
number of gates in the circuit is kN .
Let us highlight the tree-like structure behind the cir-
cuit of Fig. 5. The first block B(1/2) = B(4/8) in
the first “time-slice” gives birth to two children blocks
B(1/2) = B(2/4) that act in parallel in the second “time-
slice”. Each child in the second “time-slice” gives birth
to two other children B(1/2) = B(1/2) so that there are
8 children in the third “time-slice”. We see that the con-
struction of this tree explicitly shown in Fig. 6 proceed
with perfect dichotomies of the powers of two.
Let us now turn to the more challenging case of ar-
bitrary N . When N is not a power of two it is not
possible to perform only perfect dichotomies but one
can proceed with the “best possible” dichotomies. By
definition a best possible dichotomy of an integer n is
n = bn/2c+ dn/2e where bn/2c, dn/2e are the lower and
upper integer parts of n/2. The main idea is to first build
a tree of dichotomies from which we read out the circuit
in a completely systematic fashion. The algorithm is for-
malized in the Appendix.
Here we illustrate the main ideas behind the algorithm
with the example of N = 6 (Figs. 7, 8). First we consider
the (here perfect) dichotomy 6 = 3 + 3 and retain the
smallest integer (here 3) and form the couple (3, 6). This
is the root of the tree. The root generates two children
as follows. It performs the two dichotomies 3 = 1 + 2
and 6 = 3 + 3 and generate the upper child (1, 3) and
lower child (2, 3). Each child generates two children by
the same process. Child (1, 3) performs the dichotomies
1 = 0 + 1 and 3 = 1 + 2 and generates the upper child
(0, 1) and lower child (1, 2). The child (2, 3) performs
the dichotomies 2 = 1 + 1 and 3 = 1 + 2 and generates
the children (1, 1) and (1, 2). The tree of dichotomies is
shown on the left of Fig. 7. In the last generation there
are always only children of three types: (0, 1), (1,1) and
(1, 2). It turns out that we must: (i) exchange (1, 1) with
(1, 2) and then (ii) eliminate (0, 1) and (1, 1). This yields
the final tree on the right in Fig. 7.
The circuit of Fig. 8 is then built by connecting
the successive blocks according to the tree structure.
Each node (n1, n2) in the tree corresponds to a block
B(n1/n2). The connections at each generation are as
follows. For an “upper child” the controlled rotation is
controlled by the upper line of the parent. For a “lower
child” the controlled rotation is controlled by the lower
line of the parent.
It is a good exercise to check the computational steps
that lead to the output of Fig. 8 is |W6〉. We give here
the intermediate states at the end of each time slice and
leave the details of calculations within as an exercise for
the reader. At the end of the first time slice (once the
block B(3/6) has acted) the state is√
3
6
|100000〉+
√
3
6
|010000〉
At the end of the second time slice once the two blocks
B(1/3), B(2/3) have acted (in parallel) the state is√
3
6
1
3
|100000〉+
√
3
6
2
3
|001000〉
+
√
3
6
2
3
|010000〉+
√
3
6
1
3
|000100〉
Finally at the output once the last two blocks have acted
(in parallel) we find√
3
6
1
3
|100000〉+
√
3
6
2
3
1
2
|001000〉+
√
3
6
2
3
1
2
|000010〉
+
√
3
6
2
3
1
2
|010000〉+
√
3
6
2
3
1
2
|000001〉+
√
3
6
1
3
|000100〉
which is nothing else than |W6〉.
In the Appendix the algorithm is formalized and also
applied to generate a circuit for N = 11.
The controlled-G(p) gate.
We have at our disposal the U3(θ, φ, λ) IBM gate:
U3(θ, λ, φ) =
(
cos θ2 −e−iλ sin θ2
eiφ sin θ2 e
i(λ+φ) cos θ2
)
For φ = λ = 0 which amounts to a standard SU(2) rep-
resentation of a rotation of angle θ around the y-axis.
The angle θ is related to p through cos(θ/2) =
√
p and
5sin(θ/2) =
√
1− p. Our task here is to implement this
rotation in a controlled way using only U3(θ, 0, 0) and
CNOT . It is well known that there are various ways of
implementing controlled single qubit gates thanks to the
pure single qubit gate and CNOT (see for example [15],
Chapter 4). The following two identities using respec-
tively 4 and 3 gates do the job:
CG(p)=I ⊗ U3(θ
2
, 0, 0) CNOT I ⊗ U3(−θ
2
, 0, 0) CNOT
CG(p)=I ⊗ U3(−θ′, 0, 0) CNOT I ⊗ U3(θ′, 0, 0)
where sin θ′ = cos(θ/2). In both identities, the first qubit
is the control bit and the second is the target bit.
IMPLEMENTATION
We can rename the qubits as we wish, to fit the archi-
tecture of the physical device, and the order of magnitude
of the complexity won’t be affected. However, we can’t
always reach a minimal complexity for various reasons,
some of which are briefly discussed below.
GHZ circuits. The first used qubit requires ∼ log2(N)
CNOT connections to other qubits, for the algorithm to
be correctly implemented. The other qubits must also
have a minimum number of connections. If this is not
possible (for the 16-qubit device this is the case when
N ≥ 13) then it is necessary to distribute new CNOT
gates through extra steps, using qubits that still have un-
used connections. Unfortunately this increases the total
number of steps slightly. For example, for the 16-qubit
case the number of steps increases from 5 to 6. There
is also the issue of CNOT gate direction: sometimes the
CNOT gate must be inverted, due to restrictions of the
architecture, which will further increase the number of
steps. In the 16-qubit case, the increase is from 6 to 10
steps.
W circuits. In practice we can remove the control in
the rotation of the first block and leave the rotation al-
ways activated. This is so because the top-most qubit
is always set to |1〉. Therefore (for N = 2m) the imple-
mented version requires 4N − 5 gates and 4 log2(N)− 2
steps, to produce a WN state. Still, there are issues sim-
ilar to the ones just discussed above: the first used qubit
requires ∼ log2(N) CNOT connections to other qubits
and the other qubits must also have a minimum number
of connections for the algorithm to function properly. If
this is not possible (for the 16-qubit device, this is the
case when N ≥ 13) then we must distribute new CNOT
gates and unfortunately this slightly increases the total
number of steps. Again there is also the issue of CNOT
gate direction. In the 16-qubit case, when all is said
and done, the number of steps increases from 14 to 17.
Finally, throughout all this analysis the U3 gate was con-
sidered to take one time step. However, IBM states that
this gate takes two time steps, so in practice the over-
all number of time steps for the W state algorithm will
slightly increase (but remains ∼ log2N).
CHARACTERIZING GHZN AND WN ON IBMQ
Once the entangled states are generated using the im-
proved algorithms described above, it is interesting to
characterize the result quality.
From the quantum measurement principle we cannot
determine the state of a system by a single measurement.
Even in the classical realm, imagine you want to deter-
mine the shape of a real 3D object. In that case, you
would need to observe this object from different points of
view to reconstruct a full image of it. The complete char-
acterization of a quantum state follows the same princi-
ple. For example, measurements in the computational
basis (i.e. along the z-axis on the Bloch sphere) can-
not differentiate between the states |0〉 ± |1〉, for which
both states |0〉 and |1〉 are measured half of the time.
Complementary measures are needed when no a priori
information is known about the states. In the previous
example, if we knew that we have one of these two states,
a measure along the x-axis of the Bloch sphere would be
sufficient to discriminate between these states.
The tool of choice to characterize a quantum state
is called quantum tomography and aims at reconstruct-
ing the full density matrix by performing sequences of
measurements in different bases on a repeated quantum
state. Since the density matrix completely characterizes
the state, this method provides maximum information
but requires evaluation of 4N expectation values. Each
of them requires in turn many repeated measurements.
Quantum tomography is therefore practical only for
the lowest values of N . In the forthcoming subsection
quantum tomography allows to prove that on IBMQ we
can achieve GHZN and WN with fidelity > 70% up to
N = 5. For larger N values (up to N = 16) we must re-
sort to bypasses presented in the subsequent subsections.
For GHZN we recourse to decay of parity oscillations
(coherence measurement) up to N = 16, and for WN to
partial tomography and histogram distance. In all cases
we systematically find that the performance of logarith-
mic algorithms is very superior to linear ones.
Quantum tomography and fidelity of GHZN and WN
for low N values
Simple quantum state tomography
State tomography aims at reconstructing the density
matrix. For a single qubit, characterized by a 2× 2 den-
sity matrix, the normalized set of Pauli matrices with
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Figure 9: Absolute value of reconstructed density matrix elements of GHZ3 states (upper row) and GHZ4 (lower
row). In the first column the ideal density matrix obtained with IBM quantum simulator is displayed, in the second
column the measured tomography generated by the linear algorithm, and in the third column the same for the
logarithmic algorithm.
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Figure 10: Absolute value of reconstructed density matrix elements of W3 states (upper row) and W4 (lower row).
Otherwise same disposal as in Fig. 9.
the identity { 1√
2
I, 1√
2
σx,
1√
2
σy,
1√
2
σz} provides an or-
thonormal matrix set with respect to the scalar product
〈A|B〉 := Tr[A†B]. Over this basis the decomposition of
the density matrix yields
ρ =
1
2
3∑
i=0
〈σi〉σi
7where σ0 denotes the identity and σ1,2,3 ≡ σx,y,z. Each
coefficient is directly accessed by measuring the opera-
tor many times. On IBMQ only one axis, taken as z
in the Bloch sphere representation is directly available,
so a preliminary rotation is required to measure σx,y
(a Hadamard H gate or S†H gates respectively, where
S ≡ σ1/2z is a phase gate). The identity need not to be
measured since its expectation value is 1 anyway.
The generalization to n qubits [16] just involves all the
possible tensor product combination of the previous basis
set, so the density matrix decomposition reads
ρ =
1
2n
3∑
i1,...,in=0
〈σi1 ⊗ σi2 ⊗ ...⊗ σin〉 σi1 ⊗ σi2 ⊗ ...⊗ σin
The measurements of the 4n real coefficients (sometimes
called Stokes parameters by analogy with photonic polar-
ization qubits) itself requires average of many repeated
measurements. The default is 1024 shots on IBMQ, but
the true limiting factor is the waiting time for proces-
sor access. In addition there is a limit to ∼ 75 parallel
circuit evaluations (i.e. here different measures), forcing
us to split the total work load for n = 5 into blocks of
64. To give an idea of the actual resulting limitations,
in June 2018 the full quantum tomography of a 5-qubit
state took about 1 h, which would increase by a factor 4
for each additional qubit.
Reconstructed density matrices
The density matrix reconstructed using the Stokes pa-
rameters is most easily represented in the tensor product
computational basis. However one should point out that
the particular form of our quantum states (in particular
our choice of positive phases) ensures that the theoretical
value of non-vanishing matrix elements is exactly +1/2
for GHZN states or +1/N for WN states.
The reconstructed matrix elements for GHZ3 and
GHZ4 are plotted on Fig. 9. In fact only the absolute
value are displayed, so the plots are symmetric around
the diagonal. The phases were left aside, because they
are noise compared to the characteristic values which
are indeed found close to 1/2. However we can distin-
guish in the last two columns the effect of T1 relaxation
which increasingly favors (with N) the overall ground
state corresponding respectively to |0〉⊗3 and |0〉⊗4. The
non-vanishing off-diagonal elements | 〈000| ρ |111〉 | and
| 〈0000| ρ |1111〉 | are even more strongly affected, which
is in fact expected.
Fig. 10 displays similar results for W3 and W4. The
plots are a bit more complex, but the component states
are easily recognized. The characteristic values are in-
deed found close to 1/3 and 1/4 respectively. Again we
can distinguish in the last two columns the increasing ef-
fect with N of T1 relaxation towards ground states |0〉⊗3
and |0〉⊗4, and the increasing decay of the off-diagonal
elements, as expected.
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Figure 11: Reconstructed density matrix of W4, with
full information about Re(ρij) and Im(ρij).
For completeness we show on Fig. 11 the full recon-
structed density matrix for W4, with real and imaginary
parts instead of absolute values. It proves that the main
relevant information was well encoded in the absolute
values in Figs. 9 and 10.
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Figure 12: Computed fidelities from the reconstructed
density matrices of GHZN and WN states up to N = 5.
Fidelity decays with increasing N , but much more
slowly for logarithmic algorithms.
These reconstructed density matrices indeed prove
that we have generated the desired states up to GHZ4
and W4. Both in Figs. 9 and 10 the similarity of the plots
in the last two columns could lead us to conclude that lin-
ear and logarithmic methods produce quantum states of
similar quality, which would be surprising. In fact N = 4
is the turning point where log algorithm starts to have
less steps, later on fidelity and histogram distance will
reveal this turning point more clearly.
To be more sensitive than visual inspection we appeal
to a distance quantifier between measured density matrix
ρ and the ideal ρI . The fidelity is one such quantifier, and
it is defined by [15]
F (ρI , ρ) = Tr[
√√
ρIρ
√
ρI ]
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Figure 13: Parity oscillations for each of the N -qubit GHZ states for no delay time τ = 0. A single frequency
sinusoid, with free amplitude and phase, is fitted to the results for each of the N -qubit states (in orange)
which simplifies for pure ideal states into
F (ψI , ρ) =
√
〈ψI | ρ |ψI〉
since in this case ρI =
∣∣ψI〉 〈ψI ∣∣. Fidelity is bounded
0 ≤ F (ρI , ρ) ≤ 1
with the nice properties that the lower bound is reached
only for perfectly distinguishable states, and that the up-
per one occurs only when ρI = ρ.
In Fig. 12 we display the computed fidelities from the
reconstructed density matrices. We see clearly a decaying
fidelity with N for all generated quantum states. More-
over this time the superior characteristics of the loga-
rithmic algorithm are well established, both for GHZN
and WN up to N = 5. We attribute the slightly infe-
rior fidelity reached for WN versus GHZN to the higher
number of steps required for WN .
Decay of parity oscillations of GHZN up to large N
For large N we abandon tomography for parity oscil-
lations’ decay in the case of GHZN .
Principle of measurement
Ideally the density matrix ρ of a GHZN state con-
sists of only four elements: two diagonal elements corre-
sponding to the populations of |0〉⊗N and |1〉⊗N , as well
as two off-diagonal elements corresponding to the rela-
tive coherence. The population of the GHZN state is
then given by P = ρ0···0,0···0 + ρ1···1,1···1 and its coher-
ence is given by C = |ρ0···0,1···1|+ |ρ1···1,0···0|. One way to
measure the coherence C is by measuring the amplitude
of parity oscillations [2, 17, 18]. The parity is defined
as P = Peven − Podd with Peven (Podd) corresponding
to the probability of finding the state with, respectively,
an even (or odd) number of excitations. In other words
Peven (Podd) correspond to the probability of finding the
9state with, respectively, an even (or odd) number of 1’s
in the measured bitstrings. To induce parity oscillations,
one rotates the GHZN state with the operator
N⊗
j=1
ei
pi
4 σ
(j)
φ ,
where σ
(j)
φ = σ
(j)
x cosφ + σ
(j)
y sinφ, with σ
(j)
x and σ
(j)
y
the Pauli operators on qubit j. This amounts to rotating
each qubit of the GHZN state by
R(φ) = cos
(pi
4
)
I + i sin
(pi
4
)(
0 e−iφ
eiφ 0
)
When the phase φ is varied, oscillations of the parity P
are induced. The amplitude of these oscillations directly
relates to the coherence C.
To experimentally quantify the decoherence of an en-
tangled GHZN state, we measure its coherence C as a
function of a delay time τ between the state prepara-
tion and the parity oscillations’ amplitude measurement.
The following method is applied. First, a |GHZN 〉 en-
tangled state is generated using our improved algorithms
described above. Second, for each N , we introduce dif-
ferent delay time τ . Third, for each τ , we vary the angle
φ by applying rotations R(φ) to each qubits in order to
observe parity oscillations. Finally, we measure the N
qubits in the computational basis. The amplitude of the
measured parity oscillations directly relates to the coher-
ence C(N, τ) for a GHZ state with N entangled qubits
and a delay time τ . The decay of the coherence of the
state for different delay times is characterized by the co-
herence time parameter T
(N)
2 . This method has been
previously used by A. Ozaeta and M. McMahon, who
measured decoherence in states of up to 8 entangled su-
perconducting qubits [2]. Here we present decoherence
measurements of entangled systems of up to 16 super-
conducting qubits.
Results
Each circuit is run multiple times in order to decrease
statistical errors in the results: 1024 shots until N = 12
qubits, inclusive, and 8192 onwards. For each N -qubit
state, 4N+1 measurements are made with φ varied from
φ = 0 to φ = pi. A sinusoid is fitted to the results, the
amplitude of which is related to the coherence C(N, τ).
The results for no delay time (τ = 0) are displayed in
Figure 13. It can be seen that the amplitude of the si-
nusoid, and thus the coherence of the state, decreases
with an increasing number of qubits N . However, it is
still possible to fit a sinusoid to the results, even for the
highest N = 16 state, as the errorbars are lower due to
higher shot count.
In Figure 14, the coherence of the qubits for no delay
C(N, 0) is plotted as a function of the number of qubits
N . The coherence C(N, 0) is observed to decay expo-
nentially as a function of N , in contrast to the linear de-
cay observed by Ozaeta and McMahon [2]. There might
be several reasons for this difference. Foremost, their
state generation method is O(N), so the time it takes for
the state to be created increases linearly. In our case,
it is O(log2N) with our efficient algorithm, so the time
it takes for the state to be created increases logarithmi-
cally. As a first order approximation, we can expect the
coherence of the formed state, right after its creation (no
delay τ = 0), to be proportional to the multiplied error
rates of the gates, that is, C(N, 0) ∝ ENRE(N−1)M , where
ER is the average readout error (and there are N read-
outs) and EM is the average CNOT gate error (and there
are N − 1 CNOT gates). It should also be proportional
to e−t/<T>, where t is the time it takes for the qubit
to be created and < T > is the average decay rate, as-
sociated with the relaxation and decoherence. However,
this still slightly overestimates the observed coherence.
Additional decay could arise from a progressive loss of
coherence of the qubits the longer it has passed since cal-
ibration. Indeed, parameter drift of the qubits occurs
throughout the course of a computation [19]. If it is the
case then, since the results for low N were obtained first,
and closer to the calibration than high N , one could ex-
pect an extra error affecting more the state the higher N
is. Recent work has shown that parameter drift can be
compensated for during computation [20].
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Figure 14: Coherence at no delay C(N, τ = 0) extracted
from the parity oscillations as a function of N .
Exponential decay is observed.
This coherence measurement is repeated for different
delay times, using the sinusoid fit to extract the ampli-
tude, and thus the coherence C(N, τ) for each N -qubit
state as a function of the delay time τ . The coherence
C(N, τ) as a function of delay time τ is displayed in Fig-
ure 15(a). An exponential decay is observed. The co-
herence time parameter T
(N)
2 characterizing the decay is
extracted by fitting an exponential function to the ex-
perimental data. Note that our generated states up to
12-qubits have better coherence than the 8-qubit state
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Figure 15: (a) Coherence of each of the generated
GHZN states plotted against the delay time τ . An
exponential function is fitted to the results in order to
extract coherence time parameters T
(N)
2 . The error bars
correspond to the errors in the coherence value from the
fitting of the parity oscillations. Those errors were
weighted while fitting the exponential function using
the least squares method. (b) Coherence C(N, τ)
normalized to C(N, 0) as a function of the delay time τ .
generated by Ozaeta and McMahon [2]. Our efficient
algorithm allows a reliable measurement of parity oscil-
lations up to the maximum available number of qubits
offered by the ibmqx5 chip, i.e. up to N = 16. The co-
herences from 5-qubits onwards seem to be closer in their
values. This might be due to a qubit with lower coher-
ence limiting the coherence of the full entangled state,
or to the increase in the number of steps to implement
the circuit. In fact, the real number of steps increases at
N = 5, 8, 10, 13 and 16, which, in most cases, is when we
see more noticeable drops in coherence.
The effect of loss of coherence due to the delay of
state generation is traced out by normalizing C(N, τ) to
C(N, 0) as displayed in Figure 15(b). The decoherence
time parameter T
(N)
2 is also normalized to the single-
qubit decoherence parameter T
(N=1)
2 . The results are
shown in Figure 16 as a function of N . It can be seen
that the scaling of the decoherence parameter with the
amount of entangled qubits N is linear, and scales ap-
proximately with 2N . The deviation from the linear-
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Figure 16: Measured decoherence rate 1/T
(N)
2
normalized to the decoherence rate for the single qubit
state 1/T
(N=1)
2 .
ity can be explained by the fact that not all qubits are
equally coherent. For the measurements, the best avail-
able qubits are used first, which may influence favorably
the decay rates for the lower N states in our experiment.
Indeed, if a single-qubit coherence decays proportionally
to e
− tT2,j where T2,j is the decoherence time of qubit j,
the N -qubit state coherence would decay proportionally
to
⊗N
j=1 e
− tT2,j . Thus one would expect
1
T
(N)
2
=
N∑
j=1
1
T2,j
.
At first this can be approximated to 1
T
(N)
2
' N
T
(N=1)
2
. In
fact, if we assume that the ratio
T
(N=1)
2
T
(N)
2
must scale with
N , and we compute 1/T
(N)
2 vs N/Tav, with Tav a free
parameter, we would expect Tav to be equal to T
(N=1)
2 .
However, we measure that Tav ≈ 27µs, which is a much
lower value than 102.2 µs, the T
(N=1)
2 value (from the
calibration) for the qubit used in the 1-qubit GHZ state.
Therefore, the scale factor is understandably higher. If
instead of T
(N=1)
2 we use the average of N · T (N)2 , which
gives T
(N)
av ' 25.45µs, then the ratio scales with 0.943N .
This proves that qubits with low T2 impacts the overall
state coherence drastically.
Using our improved algorithms, the decoherence of the
GHZN states is properly measured as a function of delay
time for states with up to N = 16 qubits, an improve-
ment from 8 entangled qubits by Ozaeta et al. [2]. The
decoherence rate is found to increase linearly with N .
Furthermore, the coherence as a function of the number
of qubits for zero delay is observed to decay exponen-
tially.
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Partial tomography of W (N) for large N values:
histogram distance from ideal state populations
WN states could also be generated for larger N values,
up to N = 9 with linear algorithm and up to N = 16
with logarithmic algorithm. It is however necessary to
evaluate the quality of the result despite the fact that
full tomography becomes impractical, as already shown.
A natural way out is to restrict the statistical evalua-
tion to state populations (in the computational basis).
It should be noted that their ideal values are extremely
simple in the case of W (N): only N of them take equal
value 1/N , all the others vanish. We shall call such re-
stricted procedure “partial tomography” although there
are still 2N populations, which remains a huge quantity
of statistical information.
W (N) was generated by the logarithmic algorithm for
all values of N , and in Fig. 17 we display the 13 most
populated basis states together with the measured popu-
lations. 8192 shots were used to decrease statistical vari-
ance of the populations. States whose target population
should in principle be 1/N or 0 are denoted with blue
and red lines respectively. 1/N target value is indicated
by the dotted line.
Visual inspections of Fig. 17 reveal that until N = 12
blue populations are indeed clearly dominant over the red
ones, which indicates generation of fairly goodWN states.
However a notable exception is the ground state popu-
lation corresponding to |0〉⊗N component which rapidly
takes significant amplitude as N grows. We can easily ex-
plain this fact by relaxation processes which favor final
ground state: obviously the longer the state creation, the
more important the effect of relaxation. For completeness
we also show error bars calculated using the variance for
a binomial distribution, so one gets σ =
√
p(1− p)/n,
where n is the number of shots and p is the average prob-
ability associated with the histogram bar.
To have a more objective and finer quality indicator
we can use DK(N) which is defined as the histogram
distance (also called Kolmogorov distance, c.f. formula
(9.1) of [15]) of the 2N state populations with respect to
ideal distribution:
DK(N) =
1
2
1∑
i1,...,in=0
∣∣〈i1, ..., in| (ρ− ρI) |i1, ..., in〉∣∣
It is easy to compute and has the property that
DK(N) → 0 indicates highly identical ditributions,
whilst DK(N)→ 1 indicates unrelated distributions.
A more natural measure of distance between the ideal
and measured density matrices would be the trace dis-
tance (c.f. [15] Chapter 9, formula (9.11)), but it would
require full tomography. Nevertheless one should real-
ize that, when ρ and ρI commute, Kolmogorov distance
DK(N) and trace distance are identical [15]. Of course
we cannot expect that the ideal and measured density
matrices would commute perfectly, but still it is a nice
property of DK(N) that for close-to-ideal states the two
notions coincide. Nevertheless, by a general theorem (see
[15] theorem 9.1), it should be noted that the trace dis-
tance upper bounds the Kolmogorov distance, not the
converse, so we cannot directly assert that trace distance
is small when Kolmogorov distance is small.
Fig. 18 displays histogram distance DK(N) for increas-
ing N and for both linear and logarithmic algorithms.
First it indicates a poor fidelity for N > 12. Second, it
shows the clear superiority of the logarithmic algorithm
over the linear one, for the same number of qubits. This
is expected too because detrimental relaxation processes
act longer for linear WN algorithm which involves a big-
ger number of steps, and the difference increases with N .
Overall, the histogram distance seems to increase fairly
linearly with N for both algorithms, until it saturates at
unity, the maximum value.
AN ATTEMPT AT QUANTUM ERROR
CORRECTION
We implemented the error correction algorithm for Bell
and GHZ states presented in [21, Sections II & III]. The
algorithm corrects an arbitrary phase, a phase-flip and a
bit-flip error, with the help of ancilla qubits which store
the true phase and parity of the GHZ states. For exam-
ple, when a GHZ state 1√
2
(|000〉+ |111〉) is corrupted to
1√
2
(|001〉 − eipi/8)|110〉), arbitrary phase error correction
rectifies to 1√
2
(|001〉 − |110〉), phase-flip error correction
rectifies to 1√
2
(|001〉 + |110〉) with one ancilla qubit and
bit-flip error correction rectifies to the true state with
two ancilla qubits.
In our implementation we explore only GHZ states
with N = 3 and N = 4 so there is not much gain in
using the logarithmic circuit instead of linear ones (for
N = 3 they are the same). We have used the linear
circuit, at the same time respecting the constraints im-
posed by the architecture of the 16-qubit machine shown
in Figure 19. A CNOT gate operates on two qubits only if
they are connected by an arrow; moreover, an operation
opposite to the arrow direction requires a qubit SWAP
at the backend of the computer. Such SWAPs must be
avoided as much as possible, because their accumulation
can lead to non-negligible decoherence. For this purpose
we carefully choose the qubits to use:
• 3-qubit GHZ state: we store the GHZ state in
the array LQ=[Q2,Q3,Q4] and the ancilla qubits
in LP=[Q15, Q14, Q13]
• 4-qubit GHZ state: we store the GHZ state in the
array LQ=[Q1,Q2,Q3,Q4] and the ancilla qubits in
LP=[Q0, Q15, Q14, Q13]
The arrays LQ and LP start with the index 0.
12
|0>|512>
|33280>|16896>
|4608>|1536>|128>
|640>|384>
|896>|576>|528>|516>
N=16
N=1|0>
|1>
N=2|0>
|2>
|1>
|3>
1.00.80.60.40.2
0.50.40.30.20.1
|0>
|1>
|2>
|3>
|4>
|5>
|6>
|7>
N=3
0.40.30.20.1
|0>
|1>
|2>
|3>
|4>
|5>
|6>
|8>
|9>
|10>
|11>
|12>
|14>
N=4
0.1 0.2
N=5
|0>
|16>|8>|24>|4>|20>|2>|18>|10>|6>|1>|5>|3>
0.1 0.2
N=6|0>|32>|16>|48>|8>|4>|2>
|34>|10>
|6>|1>|33>|3>
0.1 0.2
N=7
|0>|64>|32>|16>|48>
|8>|4>
|66>|18>
|2>
|1>
|17>|3>
N=8
|0>
|64>
|128>
|32>|16>|8>|4>|132>
|36>|2>|34>|6>|1>
0.1
0.1
N=9
|0>|256>
|64>
|128>
|32>|16>|8>|4>|68>|2>|66>|6>|1>
0.1
N=10|0>|512>|256>
|64>
|128>
|32>|16>|8>|4>|132>|2>
|6>|1>
0.1
N=11|0>|1024>|512>|256>
|64>
|128>
|32>|16>|8>|4>
|2>|1>
|132>
0.1
|0>
|2048>
|1024>|512>|256>
|64>
|128>
|32>|16>|8>|4>|2>|1>
N=12
0.1 0.2
N=13|0>|1024>|512>|256>
|64>
|8>|4>
|260>
|128>
|320>|192>
|224>
0.1 0.2
0.1 0.2
|0>
|2048>
|2048>|512>|4608>|1536>|640>|384>
|896>|520>|8>
|516>|520>|514>
N=14
N=15
0.1 0.2
|0>|16384>|512>|16896>|1536>|128>|640>
|384>
|896>|64>|528>
|520>|516>
0.1 0.2
0.2
P P P P
Figure 17: Samples of WN state populations for logarithmic algorithm (evaluated with 8192 shots), for N = 1 to
N = 16. In blue all the populations which should reach 1/N (dotted line), in red a sample of populations which
should vanish. For readability, we denote the states by their equivalent in decimal basis (for instance the state |010〉
reads |2〉).
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Figure 18: Histogram distance DK(N) of WN state
populations from ideal, as a function of N for linear and
logarithmic algorithms.
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Figure 19: Architecture of the 16-qubit Rueschlikon
processor
Construction of ancilla qubits
For the ancillas the phase checking circuit ([21, Fig.
1]) requires a series of CNOT gates where a phase ancilla
qubit is added on each of the GHZ state qubits. We
implement this as follows:
for k = N − 1 to 1 do
CNOT(LP[k], LQ[k])
SWAP(LP[k], LP[k − 1])
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end for
The phase ancilla qubit initially stored in LP[n− 1] will
shift to LP[0] after the above loop.
The next parity checking circuit ([21, Fig. 2]) requires
another series of CNOT gates where each pair of CNOT
gates produce a parity ancilla qubit. This is implemented
as follows:
for k = 0 to N − 2 do
CNOT(LQ[k + 1], LP[k + 1])
SWAP(LP[k + 1], LP[k])
CNOT(LQ[k], LP[k])
end for
Eventually, LP[k] stores the parity of the qubits (LQ[k],
LQ[k+ 1]) for k ∈ {0, . . . , N − 2}, while LP[N − 1] stores
the phase of the GHZ state.
Circuits for error correction
We follow the circuits for arbitrary phase error cor-
rection, phase flip error correction and bit-flip error cor-
rection in Figures 5, 6 and 7 in [21], respectively. The
series of CNOT gates in the circuits of arbitrary phase
and phase-flip error correction can be implemented with
the same kind of procedures as for phase checking. The
series of CNOT gate in the bit-flip error correction circuit
is implemented as follows:
for k = 0 to N − 2 do
CNOT(LQ[k], LP[k])
SWAP(LP[k], LP[k + 1])
CNOT(LQ[k + 1], LP[k + 1])
CNOT(LP[k + 1], LQ[k + 1])
SWAP(LP[k], LP[k + 1])
end for
Experimental results
We perform tomography on the GHZ3 state (based
on the method outlined in the previous section) without
and with error correction. We manually initialize the an-
cilla qubits so that only the error correction circuits are
verified. 1024 shots are executed for each value of the co-
efficients in the density matrix expansion. No time-lapse
or delays are added between state creation, error correc-
tion and tomography. The results for bit-flip, phase-flip
and arbitrary phase correction are shown in Figure 20,
where the absolute values of the matrix elements of den-
sity matrices are plotted.
One observes a general decay of the GHZ states after
the error corrections in all three figures. In addition,
there is a general relaxation towards |000〉〈000| (apart
from the random phase correction in Fig.20(d)).
In order to further test the effect of decoherence, one
can compare the reconstructed density matrix without
(a) No correction (b) Bit-flip correction
(c) Phase-flip correction (d) Random phase correction
Figure 20: Results from tomography; yellow color
indicates higher values and lower values are darker.
any error correction but after a time-lapse (or a delay)
of roughly equivalent to the number of gates used in
the error correction circuit; preliminary results seem
to indicate that the amount of decoherence is much
smaller. We do not believe this is a problem of the error
correction scheme per se. Rather, the noise level in the
experiment is too high and creates many errors well
above the error correction capability of the proposed
scheme.
CONCLUSION
In conclusion, we have proposed and implemented ef-
ficient algorithms with logarithmic step complexities for
the generation of entangled GHZN and WN states on
IBMQ. These algorithms are of high relevance for quan-
tum networks too since they are potential working horses
to create deterministically a shared GHZN or WN , this
without any prior entanglement, and even if the num-
ber of parties is arbitrary. This has many promising
applications [9]. We have generated and characterized
these entangled states with up to N = 16 supercon-
ducting qubits on the IBM quantum computer, twice the
number of qubits previously achieved. Different charac-
terization methods were discussed: full quantum tomog-
raphy for low-N GHZ and W states, parity oscillations
and histogram distance for large N GHZ and W states
respectively. They prove the efficiency and robustness of
our algorithms, and reveal the current limitations of the
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IBM Q platform in terms of decoherence. Quantum error
correction on the generated GHZ states was attempted
and proved to be limited by the current level of deco-
herence. The observed linear increase in decoherence
rate with number of qubits is promising given the latest
improvement in experimental quantum computing [22].
New processors such as the QS1 1 or ibmq 20 tokyo will
be available commercially from IBM in 2018, and will
offer superior coherence properties and higher connectiv-
ity. They should allow to further demonstrate the supe-
rior performance of the logarithmic algorithms presented
here. Overall we have experienced that the Open Source
Quantum Information Science Kit (QISKit) [23] enables
the deployment of large experiments on currently avail-
able quantum computers.
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Appendix: logarithmic construction of |W11〉
For general N the dichotomy tree for the logarithmic
construction of |WN 〉 can be formalized as follows:
1: We start with the couple (bN/2c, N) at the root
2: for every generation do
3: for every leaf (n,m) not equal to (0,1), (1,1) or
(1,2) do
4: Perform the dichotomies n = bn/2c + dn/2e
and m = bm/2c+ dm/2e
5: Leaf (n,m) generates the upper child
(bn/2c, bm/2c) and the lower child (dn/2e, dm/2e)
6: end for
7: end for
8: for every pair of children which contains (1, 1) do
9: Swap the pair of children
10: end for
11: Eliminate all (0, 1) and (1, 1)
Let us apply the algorithm to N = 11. The root is
(bN/2c, N) = (5, 11). Lines 2 to 7 construct a tree illus-
trated in Fig. 21a. Then lines 8 to 11 decorate the tree
and output the final version in Fig. 21b. The circuit in
Fig. 22 is then built by connecting the successive block
according to the tree structure on the r.h.s.
(5,11)	
(2,5)	
(1,2)	
(1,3)	
(0,1)	
(1,2)	
(3,6)	
(1,3)	
(2,3)	
(1,1)	
(1,2)	
(0,1)	
(1,2)	
(a) Basic construction
(5,11)	
(2,5)	
(1,2)	
(1,3)	
…	
(1,2)	
(3,6)	
(1,3)	
(2,3)	
(1,2)	
…	
...	
(1,2)	
(b) After pruning
Figure 21: Dichotomy tree for the construction of |W11〉
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<latexit sha1_base64="NP/I XXQnbXvykYTmHcnwS g/dBGY=">AAAFrHic lVRdb9MwFM1ghVG+N njkxaKbNAZESbUBm oRUwQsvSEPal1RXk+ M4i1UnsWxnSxTlNyB e4Zfxb7hOsnVt0RCW Wl3fc8+91+c6DqTg2 nje75U7d1d79+6vPe g/fPT4ydP1jWfHOss VZUc0E5k6DYhmgqfs yHAj2KlUjCSBYCfB9 LPFTy6Y0jxLD00p2S Qh5ymPOCUGXCd4yk zl1WfrA8/1moWWDb8 zBk63Ds42Vr/jMKN5 wlJDBdF67HvSTCqiD KeC1X2cayYJnZJzNg YzJQnTk6rpt0Zb4Al RlCn4pQY13puMiiRa l0kAkQkxsV7ErPNv2 Dg30YdJxVOZG5bStl CUC2QyZA+PQq4YNaI Eg1DFoVdEY6IINSDR XJUgmTtDJeNSc6rr fh8nZMoICG2A1MdSZ Rc8ZDRLEpKGOxUOso JoU1dbfYSwbTHgabW FiEYWkiLXCAKbjeGg CoR1gZI0SfEIIG6qn dqmgD/oJGWXswotXo +Hk6bIFhr4+8gmQNq UgqFtHHItBSmb7RuE DStMZ7uu+6rlDPeR1 Thr1AkYgqQwFBMTg 7hGFAbLFDiIyvLU+l lbghTctow1xHvVJk5 GJh74+FNWbNZtN19J mhMBU1VWbLhls0kHN hdPz5tiet/m4VEB9J sNIxwb7yO4ElZIZTe vXW+PFVgxQQqEIz7j XZ/sf0gaRi9voe3eS vsH+d1SUavUsNqEDB etqlUNUlny0CotM8 2tSinKonmJlSCymTD YMSSxg8KXodf5rDfi QlxtFOGaQdg1DL6uN 3dvrkscSq/t8a3toj U7Un0908GwnehCpat bCU4Yur2c7QeRwRVR /ZtXtcI6Kuqquds6q oq6XkTLGVouo3SG0m U0nqExoPCE+YsP1rJ xPHR9z/W/7Q5GXve YrTkvnJfOtuM7752R 88U5cI4c6kydH85P5 1fP7R32xr1JG3pnpe M8d+ZWL/oDvVbX4w= =</latexit><latexit sha1_base64="NP/I XXQnbXvykYTmHcnwS g/dBGY=">AAAFrHic lVRdb9MwFM1ghVG+N njkxaKbNAZESbUBm oRUwQsvSEPal1RXk+ M4i1UnsWxnSxTlNyB e4Zfxb7hOsnVt0RCW Wl3fc8+91+c6DqTg2 nje75U7d1d79+6vPe g/fPT4ydP1jWfHOss VZUc0E5k6DYhmgqfs yHAj2KlUjCSBYCfB9 LPFTy6Y0jxLD00p2S Qh5ymPOCUGXCd4yk zl1WfrA8/1moWWDb8 zBk63Ds42Vr/jMKN5 wlJDBdF67HvSTCqiD KeC1X2cayYJnZJzNg YzJQnTk6rpt0Zb4Al RlCn4pQY13puMiiRa l0kAkQkxsV7ErPNv2 Dg30YdJxVOZG5bStl CUC2QyZA+PQq4YNaI Eg1DFoVdEY6IINSDR XJUgmTtDJeNSc6rr fh8nZMoICG2A1MdSZ Rc8ZDRLEpKGOxUOso JoU1dbfYSwbTHgabW FiEYWkiLXCAKbjeGg CoR1gZI0SfEIIG6qn dqmgD/oJGWXswotXo +Hk6bIFhr4+8gmQNq UgqFtHHItBSmb7RuE DStMZ7uu+6rlDPeR1 Thr1AkYgqQwFBMTg 7hGFAbLFDiIyvLU+l lbghTctow1xHvVJk5 GJh74+FNWbNZtN19J mhMBU1VWbLhls0kHN hdPz5tiet/m4VEB9J sNIxwb7yO4ElZIZTe vXW+PFVgxQQqEIz7j XZ/sf0gaRi9voe3eS vsH+d1SUavUsNqEDB etqlUNUlny0CotM8 2tSinKonmJlSCymTD YMSSxg8KXodf5rDfi QlxtFOGaQdg1DL6uN 3dvrkscSq/t8a3toj U7Un0908GwnehCpat bCU4Yur2c7QeRwRVR /ZtXtcI6Kuqquds6q oq6XkTLGVouo3SG0m U0nqExoPCE+YsP1rJ xPHR9z/W/7Q5GXve YrTkvnJfOtuM7752R 88U5cI4c6kydH85P5 1fP7R32xr1JG3pnpe M8d+ZWL/oDvVbX4w= =</latexit><latexit sha1_base64="NP/I XXQnbXvykYTmHcnwS g/dBGY=">AAAFrHic lVRdb9MwFM1ghVG+N njkxaKbNAZESbUBm oRUwQsvSEPal1RXk+ M4i1UnsWxnSxTlNyB e4Zfxb7hOsnVt0RCW Wl3fc8+91+c6DqTg2 nje75U7d1d79+6vPe g/fPT4ydP1jWfHOss VZUc0E5k6DYhmgqfs yHAj2KlUjCSBYCfB9 LPFTy6Y0jxLD00p2S Qh5ymPOCUGXCd4yk zl1WfrA8/1moWWDb8 zBk63Ds42Vr/jMKN5 wlJDBdF67HvSTCqiD KeC1X2cayYJnZJzNg YzJQnTk6rpt0Zb4Al RlCn4pQY13puMiiRa l0kAkQkxsV7ErPNv2 Dg30YdJxVOZG5bStl CUC2QyZA+PQq4YNaI Eg1DFoVdEY6IINSDR XJUgmTtDJeNSc6rr fh8nZMoICG2A1MdSZ Rc8ZDRLEpKGOxUOso JoU1dbfYSwbTHgabW FiEYWkiLXCAKbjeGg CoR1gZI0SfEIIG6qn dqmgD/oJGWXswotXo +Hk6bIFhr4+8gmQNq UgqFtHHItBSmb7RuE DStMZ7uu+6rlDPeR1 Thr1AkYgqQwFBMTg 7hGFAbLFDiIyvLU+l lbghTctow1xHvVJk5 GJh74+FNWbNZtN19J mhMBU1VWbLhls0kHN hdPz5tiet/m4VEB9J sNIxwb7yO4ElZIZTe vXW+PFVgxQQqEIz7j XZ/sf0gaRi9voe3eS vsH+d1SUavUsNqEDB etqlUNUlny0CotM8 2tSinKonmJlSCymTD YMSSxg8KXodf5rDfi QlxtFOGaQdg1DL6uN 3dvrkscSq/t8a3toj U7Un0908GwnehCpat bCU4Yur2c7QeRwRVR /ZtXtcI6Kuqquds6q oq6XkTLGVouo3SG0m U0nqExoPCE+YsP1rJ xPHR9z/W/7Q5GXve YrTkvnJfOtuM7752R 88U5cI4c6kydH85P5 1fP7R32xr1JG3pnpe M8d+ZWL/oDvVbX4w= =</latexit><latexit sha1_base64="NP/I XXQnbXvykYTmHcnwS g/dBGY=">AAAFrHic lVRdb9MwFM1ghVG+N njkxaKbNAZESbUBm oRUwQsvSEPal1RXk+ M4i1UnsWxnSxTlNyB e4Zfxb7hOsnVt0RCW Wl3fc8+91+c6DqTg2 nje75U7d1d79+6vPe g/fPT4ydP1jWfHOss VZUc0E5k6DYhmgqfs yHAj2KlUjCSBYCfB9 LPFTy6Y0jxLD00p2S Qh5ymPOCUGXCd4yk zl1WfrA8/1moWWDb8 zBk63Ds42Vr/jMKN5 wlJDBdF67HvSTCqiD KeC1X2cayYJnZJzNg YzJQnTk6rpt0Zb4Al RlCn4pQY13puMiiRa l0kAkQkxsV7ErPNv2 Dg30YdJxVOZG5bStl CUC2QyZA+PQq4YNaI Eg1DFoVdEY6IINSDR XJUgmTtDJeNSc6rr fh8nZMoICG2A1MdSZ Rc8ZDRLEpKGOxUOso JoU1dbfYSwbTHgabW FiEYWkiLXCAKbjeGg CoR1gZI0SfEIIG6qn dqmgD/oJGWXswotXo +Hk6bIFhr4+8gmQNq UgqFtHHItBSmb7RuE DStMZ7uu+6rlDPeR1 Thr1AkYgqQwFBMTg 7hGFAbLFDiIyvLU+l lbghTctow1xHvVJk5 GJh74+FNWbNZtN19J mhMBU1VWbLhls0kHN hdPz5tiet/m4VEB9J sNIxwb7yO4ElZIZTe vXW+PFVgxQQqEIz7j XZ/sf0gaRi9voe3eS vsH+d1SUavUsNqEDB etqlUNUlny0CotM8 2tSinKonmJlSCymTD YMSSxg8KXodf5rDfi QlxtFOGaQdg1DL6uN 3dvrkscSq/t8a3toj U7Un0908GwnehCpat bCU4Yur2c7QeRwRVR /ZtXtcI6Kuqquds6q oq6XkTLGVouo3SG0m U0nqExoPCE+YsP1rJ xPHR9z/W/7Q5GXve YrTkvnJfOtuM7752R 88U5cI4c6kydH85P5 1fP7R32xr1JG3pnpe M8d+ZWL/oDvVbX4w= =</latexit>
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<latexit sha1_base64="Q8BVXfk8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RA EE5rT+v51upHERbvDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8bZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW394oNJcUrZ PU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96krFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WDFg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnp kiNScCla2ca5YRugpGbNjMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNF GcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL48GoKtJDHW8X2QRI6YlgaAMHXGWCT Krjc4Q1K3Rj9/v9zZoz2EVW47RSx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfM ikzaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk4YpB2CUMvqa3/s5MlzjI3Lr HF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2EtGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk /nJ/Or9b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXfk8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RA EE5rT+v51upHERbvDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8bZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW394oNJcUrZ PU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96krFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WDFg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnp kiNScCla2ca5YRugpGbNjMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNF GcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL48GoKtJDHW8X2QRI6YlgaAMHXGWCT Krjc4Q1K3Rj9/v9zZoz2EVW47RSx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfM ikzaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk4YpB2CUMvqa3/s5MlzjI3Lr HF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2EtGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk /nJ/Or9b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXfk8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RA EE5rT+v51upHERbvDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8bZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW394oNJcUrZ PU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96krFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WDFg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnp kiNScCla2ca5YRugpGbNjMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNF GcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL48GoKtJDHW8X2QRI6YlgaAMHXGWCT Krjc4Q1K3Rj9/v9zZoz2EVW47RSx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfM ikzaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk4YpB2CUMvqa3/s5MlzjI3Lr HF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2EtGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk /nJ/Or9b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit><latexit sha1_base64="Q8BVXfk8Y25w84Mn5/kpN61X1oA=">AAAFxHiclVRta9RA EE5rT+v51upHERbvDtqqR3K0KgXhUFC/CBXsC3SPstlsLks3L+xu2hxL/OIP8Hf4VX+N/8bZJO317qRi4I7ZeeaZmTwzWT8TXGnX/b20fGOldfPW6u32nbv37j9YW394oNJcUrZ PU5HKI58oJnjC9jXXgh1lkpHYF+zQP31n8cMzJhVPky96krFRTMYJDzklGlwna08+YMFCjTYQDiWhxivNoERY8nGk0ebJWsftu9WDFg2vMTpO8+ydrK98x0FK85glmgqi1LHnZnp kiNScCla2ca5YRugpGbNjMBMSMzUy1XuUqAeeAIWphF+iUeW9yjAkVmoS+xAZEx2pecw6/4Yd5zp8PTI8yXLNEloXCnOBdIqsKCjgklEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNF GcqrLdxjE5ZQQGoIHUxplMz3jAaBrHJAm2DPbTgihdml4bIWxb9HlieogoZKFM5ApBYHXQHFSBsCYwI1VSPASIa7NV2hTwB50k7HxaocbL48GoKtJDHW8X2QRI6YlgaAMHXGWCT Krjc4Q1K3Rj9/v9zZoz2EVW47RSx2cIksJQdEQ04gpRGCyT4CAyzRPrZ3UJUnDbMlYQ75oujoc66nj4bVp0y7qbTyTJiYCpSis2bN900r7NxZNxVUzt2jw8LIB+tWGEI+2+AVfM ikzaw7O+u8MKLJkgBewvn/Iu3+x/SApGn11D276W9g/yy4WiVqmB6UKGs1pVU4JUljywSmep4lalBKXhrMRSkKyaMNgRJLGDwueB2/isN+RCXBwk4YpB2CUMvqa3/s5MlzjI3Lr HF7aL2mxI5eVMO4N6onOVLrYSnDB0u5z1B5HCisj21VU1WIVFaardVqEpynIenUzRySJKpyhdRKMpGgEKV5g3f2EtGgeDvuf2vc/bnWG3ucxWncfOU2fD8ZxXztD56Ow5+w51vjk /nJ/Or9b7lmipVl6HLi81nEfOzNP6+gcOW+AA</latexit>
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<latexit sha1_bas e64="yqbBoQgSNeNAWbCU+vRPueoGspQ=" >AAAFxHiclVRta9RAEE5rT+v51upHERbvD tqqR3K0KgXhUFC/CBXsC3SPstnbXJZuXtj dtAlL/OIP8Hf4VX+N/8bZJO317qRi4I7Ze eaZmTwzWT8VXGnX/b20fGOldfPW6u32nb v37j9YW394oJJMUrZPE5HII58oJnjM9jXX gh2lkpHIF+zQP31n8cMzJhVP4i+6SNkoIp OYB5wSDa6TtScfsGCBRhsIB5JQMyjNTomw 5JNQo82TtY7bd6sHLRpeY3Sc5tk7WV/5js cJzSIWayqIUseem+qRIVJzKljZxpliKaG nZMKOwYxJxNTIVO9Roh54xihIJPxijSrvV YYhkVJF5ENkRHSo5jHr/Bt2nOng9cjwOM0 0i2ldKMgE0gmyoqAxl4xqUYBBqOTQK6IhA T00SDdTxY9m3sGkYaE4VWW7jSNyyggMQAO pjVOZnPExo0kUkXi8ZbCf5ETp0vTaCGHb os9j00NEIQulIlMIAquD5qAKhDWBKamS4i FAXJut0qaAP+gkZufTCjVeHg9GVZEe6ni7 yCZASheCoQ085ioVpKiOzxHWLNeN3e/3N2 vOYBdZjZNKHZ8hSApD0SHRiCtEYbBMgoPI JIutn9UlSM5ty1hBvGu6OBrqsOPht0neLe tuPpE4IwKmKq3YsH3TSfs2F48nVTG1a/P wIAf61YYRDrX7BlwRy1NpD8/67g7LsWSC5 LC/fMq7fLP/ISkYfXoNbfta2j/ILxeKWqU GpgsZzmpVTQlSWfLAKp0miluVYpQEsxJLQ dJqwmCHkMQOCp+P3cZnvQEX4uIgCVcMwi5 h8DW99XdmusTj1K17fGG7qM2GVF7OtDOo JzpX6WIrwQlDt8tZfxAJrIhsX11Vg1WQl6 babRWYvCzn0WKKFosonaJ0EQ2naAgoXGHe /IW1aBwM+p7b9z5vd4bd5jJbdR47T50Nx3 NeOUPno7Pn7DvU+eb8cH46v1rvW6KlWlkd urzUcB45M0/r6x8jjuAE</latexit><latexit sha1_bas e64="yqbBoQgSNeNAWbCU+vRPueoGspQ=" >AAAFxHiclVRta9RAEE5rT+v51upHERbvD tqqR3K0KgXhUFC/CBXsC3SPstnbXJZuXtj dtAlL/OIP8Hf4VX+N/8bZJO317qRi4I7Ze eaZmTwzWT8VXGnX/b20fGOldfPW6u32nb v37j9YW394oJJMUrZPE5HII58oJnjM9jXX gh2lkpHIF+zQP31n8cMzJhVP4i+6SNkoIp OYB5wSDa6TtScfsGCBRhsIB5JQMyjNTomw 5JNQo82TtY7bd6sHLRpeY3Sc5tk7WV/5js cJzSIWayqIUseem+qRIVJzKljZxpliKaG nZMKOwYxJxNTIVO9Roh54xihIJPxijSrvV YYhkVJF5ENkRHSo5jHr/Bt2nOng9cjwOM0 0i2ldKMgE0gmyoqAxl4xqUYBBqOTQK6IhA T00SDdTxY9m3sGkYaE4VWW7jSNyyggMQAO pjVOZnPExo0kUkXi8ZbCf5ETp0vTaCGHb os9j00NEIQulIlMIAquD5qAKhDWBKamS4i FAXJut0qaAP+gkZufTCjVeHg9GVZEe6ni7 yCZASheCoQ085ioVpKiOzxHWLNeN3e/3N2 vOYBdZjZNKHZ8hSApD0SHRiCtEYbBMgoPI JIutn9UlSM5ty1hBvGu6OBrqsOPht0neLe tuPpE4IwKmKq3YsH3TSfs2F48nVTG1a/P wIAf61YYRDrX7BlwRy1NpD8/67g7LsWSC5 LC/fMq7fLP/ISkYfXoNbfta2j/ILxeKWqU GpgsZzmpVTQlSWfLAKp0miluVYpQEsxJLQ dJqwmCHkMQOCp+P3cZnvQEX4uIgCVcMwi5 h8DW99XdmusTj1K17fGG7qM2GVF7OtDOo JzpX6WIrwQlDt8tZfxAJrIhsX11Vg1WQl6 babRWYvCzn0WKKFosonaJ0EQ2naAgoXGHe /IW1aBwM+p7b9z5vd4bd5jJbdR47T50Nx3 NeOUPno7Pn7DvU+eb8cH46v1rvW6KlWlkd urzUcB45M0/r6x8jjuAE</latexit><latexit sha1_bas e64="yqbBoQgSNeNAWbCU+vRPueoGspQ=" >AAAFxHiclVRta9RAEE5rT+v51upHERbvD tqqR3K0KgXhUFC/CBXsC3SPstnbXJZuXtj dtAlL/OIP8Hf4VX+N/8bZJO317qRi4I7Ze eaZmTwzWT8VXGnX/b20fGOldfPW6u32nb v37j9YW394oJJMUrZPE5HII58oJnjM9jXX gh2lkpHIF+zQP31n8cMzJhVP4i+6SNkoIp OYB5wSDa6TtScfsGCBRhsIB5JQMyjNTomw 5JNQo82TtY7bd6sHLRpeY3Sc5tk7WV/5js cJzSIWayqIUseem+qRIVJzKljZxpliKaG nZMKOwYxJxNTIVO9Roh54xihIJPxijSrvV YYhkVJF5ENkRHSo5jHr/Bt2nOng9cjwOM0 0i2ldKMgE0gmyoqAxl4xqUYBBqOTQK6IhA T00SDdTxY9m3sGkYaE4VWW7jSNyyggMQAO pjVOZnPExo0kUkXi8ZbCf5ETp0vTaCGHb os9j00NEIQulIlMIAquD5qAKhDWBKamS4i FAXJut0qaAP+gkZufTCjVeHg9GVZEe6ni7 yCZASheCoQ085ioVpKiOzxHWLNeN3e/3N2 vOYBdZjZNKHZ8hSApD0SHRiCtEYbBMgoPI JIutn9UlSM5ty1hBvGu6OBrqsOPht0neLe tuPpE4IwKmKq3YsH3TSfs2F48nVTG1a/P wIAf61YYRDrX7BlwRy1NpD8/67g7LsWSC5 LC/fMq7fLP/ISkYfXoNbfta2j/ILxeKWqU GpgsZzmpVTQlSWfLAKp0miluVYpQEsxJLQ dJqwmCHkMQOCp+P3cZnvQEX4uIgCVcMwi5 h8DW99XdmusTj1K17fGG7qM2GVF7OtDOo JzpX6WIrwQlDt8tZfxAJrIhsX11Vg1WQl6 babRWYvCzn0WKKFosonaJ0EQ2naAgoXGHe /IW1aBwM+p7b9z5vd4bd5jJbdR47T50Nx3 NeOUPno7Pn7DvU+eb8cH46v1rvW6KlWlkd urzUcB45M0/r6x8jjuAE</latexit><latexit sha1_bas e64="yqbBoQgSNeNAWbCU+vRPueoGspQ=" >AAAFxHiclVRta9RAEE5rT+v51upHERbvD tqqR3K0KgXhUFC/CBXsC3SPstnbXJZuXtj dtAlL/OIP8Hf4VX+N/8bZJO317qRi4I7Ze eaZmTwzWT8VXGnX/b20fGOldfPW6u32nb v37j9YW394oJJMUrZPE5HII58oJnjM9jXX gh2lkpHIF+zQP31n8cMzJhVP4i+6SNkoIp OYB5wSDa6TtScfsGCBRhsIB5JQMyjNTomw 5JNQo82TtY7bd6sHLRpeY3Sc5tk7WV/5js cJzSIWayqIUseem+qRIVJzKljZxpliKaG nZMKOwYxJxNTIVO9Roh54xihIJPxijSrvV YYhkVJF5ENkRHSo5jHr/Bt2nOng9cjwOM0 0i2ldKMgE0gmyoqAxl4xqUYBBqOTQK6IhA T00SDdTxY9m3sGkYaE4VWW7jSNyyggMQAO pjVOZnPExo0kUkXi8ZbCf5ETp0vTaCGHb os9j00NEIQulIlMIAquD5qAKhDWBKamS4i FAXJut0qaAP+gkZufTCjVeHg9GVZEe6ni7 yCZASheCoQ085ioVpKiOzxHWLNeN3e/3N2 vOYBdZjZNKHZ8hSApD0SHRiCtEYbBMgoPI JIutn9UlSM5ty1hBvGu6OBrqsOPht0neLe tuPpE4IwKmKq3YsH3TSfs2F48nVTG1a/P wIAf61YYRDrX7BlwRy1NpD8/67g7LsWSC5 LC/fMq7fLP/ISkYfXoNbfta2j/ILxeKWqU GpgsZzmpVTQlSWfLAKp0miluVYpQEsxJLQ dJqwmCHkMQOCp+P3cZnvQEX4uIgCVcMwi5 h8DW99XdmusTj1K17fGG7qM2GVF7OtDOo JzpX6WIrwQlDt8tZfxAJrIhsX11Vg1WQl6 babRWYvCzn0WKKFosonaJ0EQ2naAgoXGHe /IW1aBwM+p7b9z5vd4bd5jJbdR47T50Nx3 NeOUPno7Pn7DvU+eb8cH46v1rvW6KlWlkd urzUcB45M0/r6x8jjuAE</latexit>
G
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6
◆
<latexit sha1_bas e64="Zk8nOQ/yCutn5NAUnmp5KZfdfrc=" >AAAFxHiclVRtaxNBEL7WRmt8a/WjCItJo K0aLrGtUhCCgvpFqGBfIBvK3t5ebuneC7t 77YXl/OIP8Hf4VX+N/8bZu2vTJFLxIGF2n nlm5p6ZWy8VXGnX/b20fGOlcfPW6u3mnb v37j9YW394qJJMUnZAE5HIY48oJnjMDjTX gh2nkpHIE+zIO31n8aMzJhVP4i96krJRRM YxDzglGlwna08+YMECjTYQDiSh5mVhdguE JR+HGm2erLXcrls+aNHo1UbLqZ/9k/WV79 hPaBaxWFNBlBr23FSPDJGaU8GKJs4USwk 9JWM2BDMmEVMjU75HgTrg8VGQSPjFGpXeq wxDIqUmkQeREdGhmses82/YMNPB65HhcZp pFtOqUJAJpBNkRUE+l4xqMQGDUMmhV0RDA npokG6mihfNvINJw4niVBXNJo7IKSMwAA2 kJk5lcsZ9RpMoIrG/ZbCX5ETpwnSaCGHb osdj00FEIQulIlMIAsuD5qAKhNWBKSmT4g FAXJutwqaAP+gkZufTChVeDPujskgHtXp7 yCZASk8EQxvY5yoVZFIenyOsWa5ru9vtbl ac/h6yGielOh5DkBSGokOiEVeIwmCZBAeR SRZbP6tKkJzblrGCeNe0cTTQYauH3yZ5u6 i6+UTijAiYqrRiw/ZNJ+3ZXDwel8XUns3 DgxzoVxtGONTuG3BFLE+lPTzrujssx5IJk sP+8inv8s3+h6Rg9Ok1tO1raf8g7y4UtUr 1TRsynFWqmgKksuS+VTpNFLcqxSgJZiWWg qTlhMEOIYkdFD733dpnvQEX4uIgCVcMwi5 h8NW9dXdmusR+6lY9vrBdVGZNKi5n2upX E52rdLGV4ISh2+WsPogEVkQ2r66qwSrIC1 PutgpMXhTz6GSKThZROkXpIhpO0RBQuMJ6 8xfWonHY7/bcbu/zdmvQri+zVeex89TZcH rOK2fgfHT2nQOHOt+cH85P51fjfUM0VCOr QpeXas4jZ+ZpfP0DLingBg==</latexit ><latexit sha1_bas e64="Zk8nOQ/yCutn5NAUnmp5KZfdfrc=" >AAAFxHiclVRtaxNBEL7WRmt8a/WjCItJo K0aLrGtUhCCgvpFqGBfIBvK3t5ebuneC7t 77YXl/OIP8Hf4VX+N/8bZu2vTJFLxIGF2n nlm5p6ZWy8VXGnX/b20fGOlcfPW6u3mnb v37j9YW394qJJMUnZAE5HIY48oJnjMDjTX gh2nkpHIE+zIO31n8aMzJhVP4i96krJRRM YxDzglGlwna08+YMECjTYQDiSh5mVhdguE JR+HGm2erLXcrls+aNHo1UbLqZ/9k/WV79 hPaBaxWFNBlBr23FSPDJGaU8GKJs4USwk 9JWM2BDMmEVMjU75HgTrg8VGQSPjFGpXeq wxDIqUmkQeREdGhmses82/YMNPB65HhcZp pFtOqUJAJpBNkRUE+l4xqMQGDUMmhV0RDA npokG6mihfNvINJw4niVBXNJo7IKSMwAA2 kJk5lcsZ9RpMoIrG/ZbCX5ETpwnSaCGHb osdj00FEIQulIlMIAsuD5qAKhNWBKSmT4g FAXJutwqaAP+gkZufTChVeDPujskgHtXp7 yCZASk8EQxvY5yoVZFIenyOsWa5ru9vtbl ac/h6yGielOh5DkBSGokOiEVeIwmCZBAeR SRZbP6tKkJzblrGCeNe0cTTQYauH3yZ5u6 i6+UTijAiYqrRiw/ZNJ+3ZXDwel8XUns3 DgxzoVxtGONTuG3BFLE+lPTzrujssx5IJk sP+8inv8s3+h6Rg9Ok1tO1raf8g7y4UtUr 1TRsynFWqmgKksuS+VTpNFLcqxSgJZiWWg qTlhMEOIYkdFD733dpnvQEX4uIgCVcMwi5 h8NW9dXdmusR+6lY9vrBdVGZNKi5n2upX E52rdLGV4ISh2+WsPogEVkQ2r66qwSrIC1 PutgpMXhTz6GSKThZROkXpIhpO0RBQuMJ6 8xfWonHY7/bcbu/zdmvQri+zVeex89TZcH rOK2fgfHT2nQOHOt+cH85P51fjfUM0VCOr QpeXas4jZ+ZpfP0DLingBg==</latexit ><latexit sha1_bas e64="Zk8nOQ/yCutn5NAUnmp5KZfdfrc=" >AAAFxHiclVRtaxNBEL7WRmt8a/WjCItJo K0aLrGtUhCCgvpFqGBfIBvK3t5ebuneC7t 77YXl/OIP8Hf4VX+N/8bZu2vTJFLxIGF2n nlm5p6ZWy8VXGnX/b20fGOlcfPW6u3mnb v37j9YW394qJJMUnZAE5HIY48oJnjMDjTX gh2nkpHIE+zIO31n8aMzJhVP4i96krJRRM YxDzglGlwna08+YMECjTYQDiSh5mVhdguE JR+HGm2erLXcrls+aNHo1UbLqZ/9k/WV79 hPaBaxWFNBlBr23FSPDJGaU8GKJs4USwk 9JWM2BDMmEVMjU75HgTrg8VGQSPjFGpXeq wxDIqUmkQeREdGhmses82/YMNPB65HhcZp pFtOqUJAJpBNkRUE+l4xqMQGDUMmhV0RDA npokG6mihfNvINJw4niVBXNJo7IKSMwAA2 kJk5lcsZ9RpMoIrG/ZbCX5ETpwnSaCGHb osdj00FEIQulIlMIAsuD5qAKhNWBKSmT4g FAXJutwqaAP+gkZufTChVeDPujskgHtXp7 yCZASk8EQxvY5yoVZFIenyOsWa5ru9vtbl ac/h6yGielOh5DkBSGokOiEVeIwmCZBAeR SRZbP6tKkJzblrGCeNe0cTTQYauH3yZ5u6 i6+UTijAiYqrRiw/ZNJ+3ZXDwel8XUns3 DgxzoVxtGONTuG3BFLE+lPTzrujssx5IJk sP+8inv8s3+h6Rg9Ok1tO1raf8g7y4UtUr 1TRsynFWqmgKksuS+VTpNFLcqxSgJZiWWg qTlhMEOIYkdFD733dpnvQEX4uIgCVcMwi5 h8NW9dXdmusR+6lY9vrBdVGZNKi5n2upX E52rdLGV4ISh2+WsPogEVkQ2r66qwSrIC1 PutgpMXhTz6GSKThZROkXpIhpO0RBQuMJ6 8xfWonHY7/bcbu/zdmvQri+zVeex89TZcH rOK2fgfHT2nQOHOt+cH85P51fjfUM0VCOr QpeXas4jZ+ZpfP0DLingBg==</latexit ><latexit sha1_bas e64="Zk8nOQ/yCutn5NAUnmp5KZfdfrc=" >AAAFxHiclVRtaxNBEL7WRmt8a/WjCItJo K0aLrGtUhCCgvpFqGBfIBvK3t5ebuneC7t 77YXl/OIP8Hf4VX+N/8bZu2vTJFLxIGF2n nlm5p6ZWy8VXGnX/b20fGOlcfPW6u3mnb v37j9YW394qJJMUnZAE5HIY48oJnjMDjTX gh2nkpHIE+zIO31n8aMzJhVP4i96krJRRM YxDzglGlwna08+YMECjTYQDiSh5mVhdguE JR+HGm2erLXcrls+aNHo1UbLqZ/9k/WV79 hPaBaxWFNBlBr23FSPDJGaU8GKJs4USwk 9JWM2BDMmEVMjU75HgTrg8VGQSPjFGpXeq wxDIqUmkQeREdGhmses82/YMNPB65HhcZp pFtOqUJAJpBNkRUE+l4xqMQGDUMmhV0RDA npokG6mihfNvINJw4niVBXNJo7IKSMwAA2 kJk5lcsZ9RpMoIrG/ZbCX5ETpwnSaCGHb osdj00FEIQulIlMIAsuD5qAKhNWBKSmT4g FAXJutwqaAP+gkZufTChVeDPujskgHtXp7 yCZASk8EQxvY5yoVZFIenyOsWa5ru9vtbl ac/h6yGielOh5DkBSGokOiEVeIwmCZBAeR SRZbP6tKkJzblrGCeNe0cTTQYauH3yZ5u6 i6+UTijAiYqrRiw/ZNJ+3ZXDwel8XUns3 DgxzoVxtGONTuG3BFLE+lPTzrujssx5IJk sP+8inv8s3+h6Rg9Ok1tO1raf8g7y4UtUr 1TRsynFWqmgKksuS+VTpNFLcqxSgJZiWWg qTlhMEOIYkdFD733dpnvQEX4uIgCVcMwi5 h8NW9dXdmusR+6lY9vrBdVGZNKi5n2upX E52rdLGV4ISh2+WsPogEVkQ2r66qwSrIC1 PutgpMXhTz6GSKThZROkXpIhpO0RBQuMJ6 8xfWonHY7/bcbu/zdmvQri+zVeex89TZcH rOK2fgfHT2nQOHOt+cH85P51fjfUM0VCOr QpeXas4jZ+ZpfP0DLingBg==</latexit >
G
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◆
<latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit><latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit><latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit><latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit>
G
✓
1
3
◆
<latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit><latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit><latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit><latexit sha1_base64="JsEePpZoGm4u DJfsVAlkP59iOi0=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2Ww2l6WbF3Y3bY4lfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8JrrTr/l 66dn25dePmyq327Tt3791fXXtwoNJcUrZPU5HKI58oJnjC9jXXgh1lkpHYF+zQP3ln8 cNTJhVPky96krFRTMYJDzklGlzHq48/YMFCjTYQDiWhxivNixJhyceRRpvHqx2351YPW jS8xug4zbN3vLb8HQcpzWOWaCqIUkPPzfTIEKk5Faxs41yxjNATMmZDMBMSMzUy1XuU aB08AQpTCb9Eo8p7mWFIrNQk9iEyJjpS85h1/g0b5jp8PTI8yXLNEloXCnOBdIqsKCjg klEtJmAQKjn0imhEQA8N0s1U8eOZdzBZNFGcqrLdxjE5YQQGoIHUxplMT3nAaBrHJAm2 DPbTgihdmvU2Qti26PPErCOikIUykSsEgdVBc1AFwprAjFRJ8QAgrs1WaVPAH3SSsLN phRovh/1RVWQddbxdZBMgpSeCoQ0ccJUJMqmOzxDWrNCN3ev1NmtOfxdZjdNKHZ8hSAp D0RHRiCtEYbBMgoPINE+sn9UlSMFty1hBvGu6OB7oqOPht2nRLetuPpEkJwKmKq3YsH 3TSfs2F0/GVTG1a/PwsAD65YYRjrT7BlwxKzJpD0977g4rsGSCFLC/fMq7eLP/ISkYfX YFbftK2j/ILxeKWqX6pgsZTmtVTQlSWXLfKp2liluVEpSGsxJLQbJqwmBHkMQOCp8Fbu Oz3pALcX6QhCsGYRcw+JreejszXeIgc+sen9suarMhlRcz7fTric5VOt9KcMLQ7XLWH 0QKKyLbl1fVYBUWpal2W4WmKMt5dDJFJ4sonaJ0EY2maAQoXGHe/IW1aBz0e57b8z5vd wbd5jJbcR45T5wNx3NeOQPno7Pn7DvU+eb8cH46v1rvW6KlWnkdem2p4Tx0Zp7W1z8T p+AB</latexit>
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◆
<latexit sha1_base64="khyBDwkWfLVY ZZIKCBTE5qogPcw=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2extLks3L+xu2oQlfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8KrrTr/l 66dn25dePmyq327Tt3791fXXtwoJJMUrZPE5HII58oJnjM9jXXgh2lkpHIF+zQP3ln8 cNTJhVP4i+6SNkoIpOYB5wSDa7j1ccfsGCBRhsIB5JQ0y/NixJhySehRpvHqx2351YPW jS8xug4zbN3vLb8HY8TmkUs1lQQpYaem+qRIVJzKljZxpliKaEnZMKGYMYkYmpkqvco 0Tp4xihIJPxijSrvZYYhkVJF5ENkRHSo5jHr/Bs2zHTwemR4nGaaxbQuFGQC6QRZUdCY S0a1KMAgVHLoFdGQgB4apJup4kcz72DSsFCcqrLdxhE5YQQGoIHUxqlMTvmY0SSKSDze MthPcqJ0adbbCGHbos9js46IQhZKRaYQBFYHzUEVCGsCU1IlxQOAuDZbpU0Bf9BJzM6 mFWq8HPZHVZF11PF2kU2AlC4EQxt4zFUqSFEdnyGsWa4bu9frbdac/i6yGieVOj5DkBS GokOiEVeIwmCZBAeRSRZbP6tLkJzblrGCeNd0cTTQYcfDb5O8W9bdfCJxRgRMVVqxYf umk/ZtLh5PqmJq1+bhQQ70yw0jHGr3DbgilqfSHp723B2WY8kEyWF/+ZR38Wb/Q1Iw+v QK2vaVtH+QXy4UtUr1TRcynNaqmhKksuS+VTpNFLcqxSgJZiWWgqTVhMEOIYkdFD4bu4 3PegMuxPlBEq4YhF3A4Gt66+3MdInHqVv3+Nx2UZsNqbyYaadfT3Su0vlWghOGbpez/ iASWBHZvryqBqsgL0212yoweVnOo8UULRZROkXpIhpO0RBQuMK8+Qtr0Tjo9zy3533e7 gy6zWW24jxynjgbjue8cgbOR2fP2Xeo88354fx0frXet0RLtbI69NpSw3nozDytr38A GPbgAg==</latexit><latexit sha1_base64="khyBDwkWfLVY ZZIKCBTE5qogPcw=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2extLks3L+xu2oQlfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8KrrTr/l 66dn25dePmyq327Tt3791fXXtwoJJMUrZPE5HII58oJnjM9jXXgh2lkpHIF+zQP3ln8 cNTJhVP4i+6SNkoIpOYB5wSDa7j1ccfsGCBRhsIB5JQ0y/NixJhySehRpvHqx2351YPW jS8xug4zbN3vLb8HY8TmkUs1lQQpYaem+qRIVJzKljZxpliKaEnZMKGYMYkYmpkqvco 0Tp4xihIJPxijSrvZYYhkVJF5ENkRHSo5jHr/Bs2zHTwemR4nGaaxbQuFGQC6QRZUdCY S0a1KMAgVHLoFdGQgB4apJup4kcz72DSsFCcqrLdxhE5YQQGoIHUxqlMTvmY0SSKSDze MthPcqJ0adbbCGHbos9js46IQhZKRaYQBFYHzUEVCGsCU1IlxQOAuDZbpU0Bf9BJzM6 mFWq8HPZHVZF11PF2kU2AlC4EQxt4zFUqSFEdnyGsWa4bu9frbdac/i6yGieVOj5DkBS GokOiEVeIwmCZBAeRSRZbP6tLkJzblrGCeNd0cTTQYcfDb5O8W9bdfCJxRgRMVVqxYf umk/ZtLh5PqmJq1+bhQQ70yw0jHGr3DbgilqfSHp723B2WY8kEyWF/+ZR38Wb/Q1Iw+v QK2vaVtH+QXy4UtUr1TRcynNaqmhKksuS+VTpNFLcqxSgJZiWWgqTVhMEOIYkdFD4bu4 3PegMuxPlBEq4YhF3A4Gt66+3MdInHqVv3+Nx2UZsNqbyYaadfT3Su0vlWghOGbpez/ iASWBHZvryqBqsgL0212yoweVnOo8UULRZROkXpIhpO0RBQuMK8+Qtr0Tjo9zy3533e7 gy6zWW24jxynjgbjue8cgbOR2fP2Xeo88354fx0frXet0RLtbI69NpSw3nozDytr38A GPbgAg==</latexit><latexit sha1_base64="khyBDwkWfLVY ZZIKCBTE5qogPcw=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2extLks3L+xu2oQlfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8KrrTr/l 66dn25dePmyq327Tt3791fXXtwoJJMUrZPE5HII58oJnjM9jXXgh2lkpHIF+zQP3ln8 cNTJhVP4i+6SNkoIpOYB5wSDa7j1ccfsGCBRhsIB5JQ0y/NixJhySehRpvHqx2351YPW jS8xug4zbN3vLb8HY8TmkUs1lQQpYaem+qRIVJzKljZxpliKaEnZMKGYMYkYmpkqvco 0Tp4xihIJPxijSrvZYYhkVJF5ENkRHSo5jHr/Bs2zHTwemR4nGaaxbQuFGQC6QRZUdCY S0a1KMAgVHLoFdGQgB4apJup4kcz72DSsFCcqrLdxhE5YQQGoIHUxqlMTvmY0SSKSDze MthPcqJ0adbbCGHbos9js46IQhZKRaYQBFYHzUEVCGsCU1IlxQOAuDZbpU0Bf9BJzM6 mFWq8HPZHVZF11PF2kU2AlC4EQxt4zFUqSFEdnyGsWa4bu9frbdac/i6yGieVOj5DkBS GokOiEVeIwmCZBAeRSRZbP6tLkJzblrGCeNd0cTTQYcfDb5O8W9bdfCJxRgRMVVqxYf umk/ZtLh5PqmJq1+bhQQ70yw0jHGr3DbgilqfSHp723B2WY8kEyWF/+ZR38Wb/Q1Iw+v QK2vaVtH+QXy4UtUr1TRcynNaqmhKksuS+VTpNFLcqxSgJZiWWgqTVhMEOIYkdFD4bu4 3PegMuxPlBEq4YhF3A4Gt66+3MdInHqVv3+Nx2UZsNqbyYaadfT3Su0vlWghOGbpez/ iASWBHZvryqBqsgL0212yoweVnOo8UULRZROkXpIhpO0RBQuMK8+Qtr0Tjo9zy3533e7 gy6zWW24jxynjgbjue8cgbOR2fP2Xeo88354fx0frXet0RLtbI69NpSw3nozDytr38A GPbgAg==</latexit><latexit sha1_base64="khyBDwkWfLVY ZZIKCBTE5qogPcw=">AAAFxHiclVRta9RAEE61p/V8a/WjCIt3hbbqkZytSkE4FNQvQg X7ArdH2extLks3L+xu2oQlfvEH+Dv8qr/Gf+NskvZ6d1IxcMfsPPPMTJ6ZrJ8KrrTr/l 66dn25dePmyq327Tt3791fXXtwoJJMUrZPE5HII58oJnjM9jXXgh2lkpHIF+zQP3ln8 cNTJhVP4i+6SNkoIpOYB5wSDa7j1ccfsGCBRhsIB5JQ0y/NixJhySehRpvHqx2351YPW jS8xug4zbN3vLb8HY8TmkUs1lQQpYaem+qRIVJzKljZxpliKaEnZMKGYMYkYmpkqvco 0Tp4xihIJPxijSrvZYYhkVJF5ENkRHSo5jHr/Bs2zHTwemR4nGaaxbQuFGQC6QRZUdCY S0a1KMAgVHLoFdGQgB4apJup4kcz72DSsFCcqrLdxhE5YQQGoIHUxqlMTvmY0SSKSDze MthPcqJ0adbbCGHbos9js46IQhZKRaYQBFYHzUEVCGsCU1IlxQOAuDZbpU0Bf9BJzM6 mFWq8HPZHVZF11PF2kU2AlC4EQxt4zFUqSFEdnyGsWa4bu9frbdac/i6yGieVOj5DkBS GokOiEVeIwmCZBAeRSRZbP6tLkJzblrGCeNd0cTTQYcfDb5O8W9bdfCJxRgRMVVqxYf umk/ZtLh5PqmJq1+bhQQ70yw0jHGr3DbgilqfSHp723B2WY8kEyWF/+ZR38Wb/Q1Iw+v QK2vaVtH+QXy4UtUr1TRcynNaqmhKksuS+VTpNFLcqxSgJZiWWgqTVhMEOIYkdFD4bu4 3PegMuxPlBEq4YhF3A4Gt66+3MdInHqVv3+Nx2UZsNqbyYaadfT3Su0vlWghOGbpez/ iASWBHZvryqBqsgL0212yoweVnOo8UULRZROkXpIhpO0RBQuMK8+Qtr0Tjo9zy3533e7 gy6zWW24jxynjgbjue8cgbOR2fP2Xeo88354fx0frXet0RLtbI69NpSw3nozDytr38A GPbgAg==</latexit>
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◆
<latexit sha1_bas e64="wrRpbYnbAmHrzO81r6/UQkw4PRo=" >AAAFxXiclVTbbtNAEHWhgRJuLTwioVXTS G2ByI5aQJWQIngoL0hFohcpG1Xr9TpedX3 R7rp1tLJ44Z3/4BV+hr9h1nabJkFFWEo0O 2fOzPjMeP1McKVd9/fSrdvLrTt3V+617z 94+Ojx6tqTI5XmkrJDmopUnvhEMcETdqi5 Fuwkk4zEvmDH/tkHix+fM6l4mnzRk4yNYj JOeMgp0eA6XX2+jwULNdpEOJSEmt3SeF6J sOTjSKOt09WO23OrBy0aXmN0nOY5OF1b/o 6DlOYxSzQVRKmh52Z6ZIjUnApWtnGuWEb oGRmzIZgJiZkamepFStQFT4DCVMIv0ajyX mcYEis1iX2IjImO1DxmnX/DhrkO344MT7J cs4TWhcJcIJ0iqwoKuGRUiwkYhEoOvSIaE RBEg3YzVfx45h1MFk0Up6pst3FMzhiBCWg gtXEm03MeMJrGMUmCbYP9tCBKl6bbRgjb Fn2emC4iClkoE7lCEFgdNAdVIKwJzEiVFA 8A4tpslzYF/EEnCbuYVqjxctgfVUW6qOPt IZsAKT0RDG3igKtMkEl1fImwZoVu7F6vt1 Vz+nvIapxW6vgMQVIYio6IRlwhCoNlEhxE pnli/awuQQpuW8YK4l2zgeOBjjoefp8WG2 XdzSeS5ETAVKUVG9ZvOmnf5uLJuCqm9mw eHhZAv94wwpF234ErZkUm7eFFz91lBZZMk AIWmE95V2/2PyQFo89uoO3cSPsH+fVCUat U32xAhvNaVVOCVJbct0pnqeJWpQSl4azEU pCsmjDYESSxg8IXgdv4rDfkQlweJOGKQdg VDL6mt97uTJc4yNy6x1e2i9psSOXVTDv9 eqJzlS63EpwwdLuc9QeRworI9vVVNViFRW mq3VahKcpyHp1M0ckiSqcoXUSjKRoBCleY N39hLRpH/Z7n9rzPO53BenOZrTjPnHVn0/ GcN87A+egcOIcOdb45P5yfzq/Wfitu6dZ5 HXprqeE8dWae1tc/UMzgPA==</latexit ><latexit sha1_bas e64="wrRpbYnbAmHrzO81r6/UQkw4PRo=" >AAAFxXiclVTbbtNAEHWhgRJuLTwioVXTS G2ByI5aQJWQIngoL0hFohcpG1Xr9TpedX3 R7rp1tLJ44Z3/4BV+hr9h1nabJkFFWEo0O 2fOzPjMeP1McKVd9/fSrdvLrTt3V+617z 94+Ojx6tqTI5XmkrJDmopUnvhEMcETdqi5 Fuwkk4zEvmDH/tkHix+fM6l4mnzRk4yNYj JOeMgp0eA6XX2+jwULNdpEOJSEmt3SeF6J sOTjSKOt09WO23OrBy0aXmN0nOY5OF1b/o 6DlOYxSzQVRKmh52Z6ZIjUnApWtnGuWEb oGRmzIZgJiZkamepFStQFT4DCVMIv0ajyX mcYEis1iX2IjImO1DxmnX/DhrkO344MT7J cs4TWhcJcIJ0iqwoKuGRUiwkYhEoOvSIaE RBEg3YzVfx45h1MFk0Up6pst3FMzhiBCWg gtXEm03MeMJrGMUmCbYP9tCBKl6bbRgjb Fn2emC4iClkoE7lCEFgdNAdVIKwJzEiVFA 8A4tpslzYF/EEnCbuYVqjxctgfVUW6qOPt IZsAKT0RDG3igKtMkEl1fImwZoVu7F6vt1 Vz+nvIapxW6vgMQVIYio6IRlwhCoNlEhxE pnli/awuQQpuW8YK4l2zgeOBjjoefp8WG2 XdzSeS5ETAVKUVG9ZvOmnf5uLJuCqm9mw eHhZAv94wwpF234ErZkUm7eFFz91lBZZMk AIWmE95V2/2PyQFo89uoO3cSPsH+fVCUat U32xAhvNaVVOCVJbct0pnqeJWpQSl4azEU pCsmjDYESSxg8IXgdv4rDfkQlweJOGKQdg VDL6mt97uTJc4yNy6x1e2i9psSOXVTDv9 eqJzlS63EpwwdLuc9QeRworI9vVVNViFRW mq3VahKcpyHp1M0ckiSqcoXUSjKRoBCleY N39hLRpH/Z7n9rzPO53BenOZrTjPnHVn0/ GcN87A+egcOIcOdb45P5yfzq/Wfitu6dZ5 HXprqeE8dWae1tc/UMzgPA==</latexit ><latexit sha1_bas e64="wrRpbYnbAmHrzO81r6/UQkw4PRo=" >AAAFxXiclVTbbtNAEHWhgRJuLTwioVXTS G2ByI5aQJWQIngoL0hFohcpG1Xr9TpedX3 R7rp1tLJ44Z3/4BV+hr9h1nabJkFFWEo0O 2fOzPjMeP1McKVd9/fSrdvLrTt3V+617z 94+Ojx6tqTI5XmkrJDmopUnvhEMcETdqi5 Fuwkk4zEvmDH/tkHix+fM6l4mnzRk4yNYj JOeMgp0eA6XX2+jwULNdpEOJSEmt3SeF6J sOTjSKOt09WO23OrBy0aXmN0nOY5OF1b/o 6DlOYxSzQVRKmh52Z6ZIjUnApWtnGuWEb oGRmzIZgJiZkamepFStQFT4DCVMIv0ajyX mcYEis1iX2IjImO1DxmnX/DhrkO344MT7J cs4TWhcJcIJ0iqwoKuGRUiwkYhEoOvSIaE RBEg3YzVfx45h1MFk0Up6pst3FMzhiBCWg gtXEm03MeMJrGMUmCbYP9tCBKl6bbRgjb Fn2emC4iClkoE7lCEFgdNAdVIKwJzEiVFA 8A4tpslzYF/EEnCbuYVqjxctgfVUW6qOPt IZsAKT0RDG3igKtMkEl1fImwZoVu7F6vt1 Vz+nvIapxW6vgMQVIYio6IRlwhCoNlEhxE pnli/awuQQpuW8YK4l2zgeOBjjoefp8WG2 XdzSeS5ETAVKUVG9ZvOmnf5uLJuCqm9mw eHhZAv94wwpF234ErZkUm7eFFz91lBZZMk AIWmE95V2/2PyQFo89uoO3cSPsH+fVCUat U32xAhvNaVVOCVJbct0pnqeJWpQSl4azEU pCsmjDYESSxg8IXgdv4rDfkQlweJOGKQdg VDL6mt97uTJc4yNy6x1e2i9psSOXVTDv9 eqJzlS63EpwwdLuc9QeRworI9vVVNViFRW mq3VahKcpyHp1M0ckiSqcoXUSjKRoBCleY N39hLRpH/Z7n9rzPO53BenOZrTjPnHVn0/ GcN87A+egcOIcOdb45P5yfzq/Wfitu6dZ5 HXprqeE8dWae1tc/UMzgPA==</latexit ><latexit sha1_bas e64="wrRpbYnbAmHrzO81r6/UQkw4PRo=" >AAAFxXiclVTbbtNAEHWhgRJuLTwioVXTS G2ByI5aQJWQIngoL0hFohcpG1Xr9TpedX3 R7rp1tLJ44Z3/4BV+hr9h1nabJkFFWEo0O 2fOzPjMeP1McKVd9/fSrdvLrTt3V+617z 94+Ojx6tqTI5XmkrJDmopUnvhEMcETdqi5 Fuwkk4zEvmDH/tkHix+fM6l4mnzRk4yNYj JOeMgp0eA6XX2+jwULNdpEOJSEmt3SeF6J sOTjSKOt09WO23OrBy0aXmN0nOY5OF1b/o 6DlOYxSzQVRKmh52Z6ZIjUnApWtnGuWEb oGRmzIZgJiZkamepFStQFT4DCVMIv0ajyX mcYEis1iX2IjImO1DxmnX/DhrkO344MT7J cs4TWhcJcIJ0iqwoKuGRUiwkYhEoOvSIaE RBEg3YzVfx45h1MFk0Up6pst3FMzhiBCWg gtXEm03MeMJrGMUmCbYP9tCBKl6bbRgjb Fn2emC4iClkoE7lCEFgdNAdVIKwJzEiVFA 8A4tpslzYF/EEnCbuYVqjxctgfVUW6qOPt IZsAKT0RDG3igKtMkEl1fImwZoVu7F6vt1 Vz+nvIapxW6vgMQVIYio6IRlwhCoNlEhxE pnli/awuQQpuW8YK4l2zgeOBjjoefp8WG2 XdzSeS5ETAVKUVG9ZvOmnf5uLJuCqm9mw eHhZAv94wwpF234ErZkUm7eFFz91lBZZMk AIWmE95V2/2PyQFo89uoO3cSPsH+fVCUat U32xAhvNaVVOCVJbct0pnqeJWpQSl4azEU pCsmjDYESSxg8IXgdv4rDfkQlweJOGKQdg VDL6mt97uTJc4yNy6x1e2i9psSOXVTDv9 eqJzlS63EpwwdLuc9QeRworI9vVVNViFRW mq3VahKcpyHp1M0ckiSqcoXUSjKRoBCleY N39hLRpH/Z7n9rzPO53BenOZrTjPnHVn0/ GcN87A+egcOIcOdb45P5yfzq/Wfitu6dZ5 HXprqeE8dWae1tc/UMzgPA==</latexit >
Figure 22: Logarithmic complexity circuit for |W11〉
Again we provide the intermediate states at the end of
each time slice for the reader’s convenience. At the end
of the first time slice the state is
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At the end of the third time slice the state is
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Finally the circuit output is
√
5
11
2
5
1
2
|10000000000〉+
√
5
11
2
5
1
2
|00001000000〉
+
√
5
11
3
5
1
3
|00100000000〉+
√
5
11
3
5
2
3
1
2
|00000100000〉
+
√
5
11
3
5
2
3
1
2
|0000000100〉+
√
6
11
3
6
1
3
|01000000000〉
+
√
6
11
3
6
2
3
1
2
|00000010000〉+
√
6
11
3
6
2
3
1
2
|00000000010〉
+
√
6
11
3
6
2
3
1
2
|00010000000〉+
√
6
11
3
6
2
3
1
2
|00000000001〉
+
√
6
11
3
6
1
3
|00000001000〉 = |W11〉
